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Abstract
We present a decision support system (DSS) to compute performance measures of a project. Our
approach allows us to incorporate the uncertainty on the activities’ duration as well as four different
types of precedence relationships. The DSS generates replicates of the project’s performance, in which
we simulate the duration of each activity. From these replicates, the expected completion time, the
variance of completion time, the service time for a given service level and the probability that each
activity will be in the critical path are estimated along with their corresponding measures of error. A
validation of the DSS was performed by computing the empirical coverage, mean and standard
deviation of half-widths, mean square error and empirical bias for the main performance metrics of a
given project. Finally, we show experimental results where the procedures implemented in the DSS
provide a good coverage and consistent half-widths even for a small number of replications.
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1. Introduction
A project is a process that requires the execution of multiple activities with different types of
dependency relationships. These activities are tasks associated with the execution of the project and
consume a certain amount of time to be completed. In turn, activities may also have precedence
relationships amongst them; in other words, the initiation (or completion) of specific tasks may require
that other activities have been completed (or initiated). There are several project management
techniques that can be used to estimate the performance of a project, all of which require the
identification of the activities associated to the project, their durations and precedence relationships.
The most commonly used performance measures of a project are: the total duration (time between
initiation of the first activity and completion of the last activity) and its cost; both of which are
typically dependent on the durations of the individual project’s tasks. As is known from the project
management literature, the classic methodology to estimate the duration and cost of a project is based
on the use of the PERT/CPM approach (Hillier and Hillier, 2014), which has been used since the
1950s. The critical path method (CPM) is used to estimate the total duration of the project when the
duration of the activities is known. On the other hand, the program evaluation and review technique
(PERT) incorporates uncertainty in the duration of these activities, but relies on the expected durations
to calculate the critical path. Thus, the validity of the PERT/CPM approach relies on several
assumptions, such as: the duration of the activities are statistically independent, all precedence
relationships must be of finish to start type (i.e., precedent activities must have concluded for the
dependent activity to start) and there is only one possible critical path, which is determined from the
expected duration of the activities. In reality, it is quite difficult for a project to meet all these
requirements since there may be several types of precedence relationships aside from the traditional
finish to start (e.g., start to start) and the uncertainty in the duration of individual activities will
generate uncertainty in the critical path. Due to these limitations, several other techniques for project
performance analysis have become widespread and rely on more robust methods, such as stochastic
simulation (see, e.g., Meredith and Mandel, 2012).
The uncertainty associated to the duration of individual activities is incorporated into project analysis
using probability distributions. However, due to the precedence relationships across different

activities, it is not possible to obtain analytical expressions for the performance measures estimates;
but they may be estimated through simulation. The use of stochastic simulation to estimate
performance measures of a project has been widely used in the project management community. For
instance, Lu and AbouRizk (2000) propose a method to calculate the critical path of a project using the
classical PERT/CPM approach and stochastic simulation. Lee (2005) developed a software (called
SPSS) that is capable of estimating the probability that the duration of a project does not exceed a total
(user defined) time. In subsequent work, Lee and Arditi (2006) report on an update to the SPSS
software (named S3) that is capable of allowing the user to define the precision level of the estimates
by providing confidence intervals, as well as the number of replicates per simulation experiment. All
these models were constructed assuming only one type of precedence relationship: the classic finish to
start. Muñoz and Muñoz (2013) developed a simulation-based decision support system (DSS) to
estimate the expected duration of a project under different types of precedence relationships and, in
this work, we extend the use of simulation to estimate risk measurements such as the variance of the
project duration and the service time for a given service level.
It is relevant to note that the methods described here belong to class of algorithms that leverage on the
use of simulation to solve decision-making problems in project management. Other examples of work
in this area include: Kuhl and Tolentino-Peña (2008), who report on the use of stochastic simulation to
determine the crash times that minimize the cost of different projects. Hoi-Ching and Ming (2008) use
simulation to determine optimal resource allocation across several projects in the context of
construction industry. Liu and Mohamed (2008) and Tang et al. (2013) use a simulation approach to
determine optimal resource allocation for the activities of a specific construction project. Once again,
in all this prior work, only the classical finish to start precedence relationship was assumed.
2. DSS Features
Input data for the DSS consists of a detailed list of a project’s tasks, including duration and precedence
relationships for each. We include the following types of precedence relationships (Chatfield and
Johnson, 2007): finish to start (FS, the activity may start only if the preceding activities have
concluded), start to start (SS, the activity may start only if the preceding activities have also started),
finish to finish (FF, the activity may finish only if the preceding activities have also concluded) and
start to finish (SF, the activity may finish only if the preceding activities have started).
The classical approach to calculate the critical path of a project, as described with the CPM method
(see, e.g., Hillier and Hillier, 2014; Muñoz, 2009), relies on an algorithm that calculates the early start
time (EST), early finish time (EFT), late start time (LST) and late finish time (LFT) for each activity.
The algorithm runs in two steps: a “forward” and “backward” iteration. In the “forward” iteration, the
EST and EFT (for each activity) are calculated from their predecessors, starting with the first activities
(those with no predecessors). On the other hand, in the “backward” iteration, the LST and LFT (for
each activity) are calculated from their successors, starting with the last activity (those completed at
the end of the project). Having made these calculations, activities with EST equal to their LST (and, in
consequence, also have equal EFT and LFT) belong to the critical path, since there is no slack between
the early and late starting times. It is worth mentioning that this algorithm is designed for projects that
work with FS precedencies only.
We developed a variant of the CPM to identify the critical path of a project with more than one type of
precedence relationship. Said algorithm is also divided into two steps: a “forward” and “backward”
iteration, where the EST, EFT, LST and LFT of each activity are sequentially calculated. However,
contrary to the traditional method, several additional conditions for each type of precedence
relationship must be verified to determine the critical path. In Figure 1, we show the required
calculations (for each iteration of the algorithm) according to the precedence relationship that must be
satisfied. Note that the EST and the EFT are the lower bounds for the inequalities and the LST and
LFT are the upper bounds. On the other hand, we assume that the network of activities that form of a
project do not contain cycles, making it possible to sort them in sequence for each of the algorithm’s
iterations.

Figure 1: Calculations for the EST, EFT, LST and LFT using the proposed algorithm.
For our DSS, we used triangular distributions to model activity durations. The three-parameter
duration values for these distributions, as defined by PERT, were: optimistic, probable and
pessimistic. The DSS uses Monte Carlo simulation to generate replicates of the project’s performance.
In other words, in each replication, we simulate the duration of every activity, obtain the critical path
and calculate the total duration of the project. Therefore, for a number of replications, we calculate the
mean and variance of project durations, and estimate the probability that each activity will be part of
the critical path, along with the corresponding accuracy measures (half-widths of the confidence
intervals, see, e.g., Ross 2010). Figure 2 shows the pseudo-code used in the DSS to obtain the
durations Di , i  1,, m (where m is the number of replications), from which the point estimators
for the expectation and variance of project’s duration, service time and probability that a task ( j ) be in
the critical path, respectively, are as follows.
1 m
1 m
1 m
̂D   Di , ˆ D2   Di  ˆ D 2 , Tˆ  Dm  , pˆ j   I ij ,
(1)
m i 1
m i 1
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where 0    1 is a given service level, D1  D2    Dm  denote the ordered Di ’s, and I ij is 1
when the j-th task was in the critical path in the i-th replication, and 0 otherwise.

Figure 2: Pseudo-code for the developed DSS.
As discussed in most textbooks on stochastic simulation, the number of replications m must be large
enough to ensure that the point estimators defined in (1) fall within a given accuracy of the
corresponding parameter, and the most commonly used measure of accuracy in the stochastic
simulation literature is the half-width of a 1001   % asymptotic confidence interval for the
corresponding parameter. For the estimators provided in (1), the corresponding 1001   % halfwidths are given by
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3. Performance Validation for the DSS
As shown in Figure 2, when a parameter is estimated using stochastic simulation, the experiment is
repeated a number of times to improve the accuracy of the point estimators. In addition, the estimation
procedures must be consistent, in the sense that the estimators must approach the parameter values as
the number of experiment replications is increased. To empirically verify that the methodologies
implemented in our DSS provide consistent estimators, we tested the system using a hypothetical
project with 18 tasks (see Torres, 2008 for details) and repeated the estimation procedure (Figure 2)
M times for different values of m . Thus, it was possible to calculate measures that quantify the
performance of the DSS such as: empirical coverage (EC), mean and standard deviation of the halfwidths, mean squared error (MSE) and the empirical bias (B). The calculations are detailed as follows.

Figure 3. Activities diagram for the hypothetical project.
Let hi be the half-width obtained in experiment i , for i  1,, M , the mean and standard deviation
of the half-widths are the mean and standard deviation calculated using all hi , respectively. On the
other hand, if r̂i is the estimator for parameter r obtained from experiment i , for i  1,2, , M , the
mean square error (MSE) is defined by:
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using the same notation, the empirical coverage is defined as:
1 M
EC 
C ,
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where Ci  1 if rˆi  r  hi , and Ci  0 otherwise; the empirical bias is:

B

1 M 
  rˆi   r .
M  i 1 

(1)

(2)

(3)

It is relevant to note that, if the DSS performs adequately, the MSE, the empirical bias and the mean of
the half-widths should converge to zero as the number of replications increases; and in this case, the
empirical coverage will also converge to the nominal value of 1    .
Figure 5 shows the flow diagram for the project used to perform the experiments. Note that a number
on an arc indicates the number of days that must elapse for the activity to start following the
fulfillment of the precedence condition. If there is no number, we assume a value of zero, i.e., that the
activity may start immediately after the precedence has been met.
4. Results
In a first experiment we run m  4000000 simulation replications in order to obtain very accurate
estimates. From this experiment we obtained an expected duration of ˆ D  44.527 , with a 95% half2
width of 0.002, variance of duration was ˆ D  5.034 with a 95% half-width of 0.007, service time for
a 90% service level was Tˆ0.9  47.442 with a 95% half-width of 0.004, and similarly we obtained

estimates of the probabilities of being in the critical path for every activity, e.g., pˆ16  0.7494 with a
95% half-width of 0.0004.
Table 1: Results for the mean duration of the project for M  1000 and different values of m.

m = 400
m = 1600
m = 4800

EC
0.951
0.949
0.958

95% Half-width
Mean Std. Dev.
0.2195
0.0077
0.1098
0.0019
0.0635
0.0007

MSE
0.0113
0.0031
0.0010

Bias
0.0048
-0.0011
1.95E-05

Table 2: Results for the duration variance of the project for M  1000 and different values of m.

m = 400
m = 1600
m = 4800

EC
1
0.994
0.97

95% Half-width
Mean
Std. Dev.
1.5342
0.0639
0.4802
0.0129
0.2246
0.0044

MSE
0.1228
0.0308
0.0109

Bias
-0.0116
-0.0071
0.0020

Table 3: Results for the 90% service time of the project for M  1000 and different values of m.

m = 400
m = 1600
m = 4800

EC
0.948
0.938
0.948

95% Half-width
Mean
Std. Dev.
0.3734
0.0741
0.1893
0.0263
0.1087
0.0115

MSE
0.0392
0.0098
0.0033

Bias
-0.0244
-0.0080
-0.0007

Table 4: Results for the probability of task 16 in critical path for M  1000 and different values of m.

m = 400
m = 1600
m = 4800

EC
0.961
0.956
0.951

95% Half-width
Mean
Std. Dev.
MSE
0.0424 0.0012
0.0004
0.0212 0.0003
0.0001
0.0123 0.0001 3.80E-05

Bias
0.0004
-0.0003
2.75E-05

The point estimators obtained in our first experiment were considered as the true parameter values and
we repeated the estimation experiments M  1000 times with a 95% confidence level. As a proof of
concept, we will only show the results obtained for the probability of being in the critical path of a
single activity i = 16. Tables 1, 2, 3 and 4 summarize the results found using different values of m.
Note that even for relatively small values of m, we find coverage very close to the nominal value

(0.95), as well as half-widths that decrease as m increases. For the case of variance estimation, we
obatained over-coverage which may be explained from the fact that the corresponding variance
estimation is biased.
5. Conclusions
In this work, we successfully developed a DSS capable of estimating performance measures associated
to the total duration of a project that incorporate the uncertainty in the duration of individual activities
and more than one type of precedence relationship between these. We used stochastic simulation to
incorporate the uncertainty in the activities durations and we developed an algorithm capable of
determining the critical path for each project replication. In turn, this allowed us to estimate the
expected value for the total duration of the project, the variance of completion time, the service time
for a given service level, and the probability that each activity will belong to the critical path and
compute error measures for each of these by providing half-widths of a confidence interval.
Lastly, we used a hypothetical example to test the performance of the developed DSS by measuring
the accuracy and consistency of the reported estimates. The results from this hypothetical test show
that even for a small number of replications, the system is capable of finding good empirical coverage
with half-widths that decrease as the number of repetitions increase.
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