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Abstract
Sample size determination plays a critical role in the design aspect of studies in many fields, and especially
in the planning of phase II or proof-of-concept clinical trials. The majority of statistical designs are based
on frequentist statistical approaches, which often suffer from several practical limitations, including the need
to choose values for the parameters of interest without accounting for the uncertainty in these estimates. A
number of researchers have discussed alternative designs from a Bayesian perspective. However, these sample
size calculation methods have been developed specifically to single-arm trials. In this article, we propose a
more general framework of Bayesian sample size determination which extends to two-arm trials with binomial response by considering the complexity of parameters from two different populations. We investigate
the operating characteristics of our Bayesian approach through simulation studies.
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1. Introduction
Sample size determination plays a critical role in the design aspect of studies in many fields, and especially
in the planning of phase II or proof-of-concept clinical trials. Under the frequentist statistical framework,
sample size calculations are aimed at adequately maintaining pre-specified Type I error rate and statistical
power. The power depends on the values of the effect size in the hypothesis testing, which is rarely known
in practice with high degree of precision. Such limitations have motivated many Bayesian solutions to
sample size determination. For the endpoint of response rate in clinical trials, these approaches use prior
information about the binomial parameter rather than a point estimate, and fully account for the uncertainty
of the parameter, thus offering appealing advantages over the frequentist formulae. However, these sample
size calculation methods have been developed specifically for single-arm trials. In this article, we propose a
Bayesian methodology extended to two-arm trials.
Under the general framework, the question would be: how to size a study to ensure that the probabilities of
success and failure are bounded by two desired numbers, λ1 and λ2 so that
P r(success) ≥ λ1

and P r(failure) ≤ λ2 .

For example, assume the response true rates are 25% and 5% for treatment arm and control arm, respectively.
How many subjects are needed to ensure the probability that the treatment difference is ≥ 15% (success) is
at least 50% and the difference ≤ 5% (failure) is no more than 20%.
2. Bayesian Framework
2.1 Notations
Let X1 and X2 be the total number of responders out of n1 and n2 trials from independent binomial

experiments with parameter p1 and p2 , respectively. Here p1 and p2 denote the probabilities of favorable
outcome for individuals in the treatment arm and the control arm, respectively. For a balanced randomized
trial, we can set n1 = n2 = n for simplicity. We further assume that:
p1 ∼ Beta(α1 , β1 )

and p2 ∼ Beta(α2 , β2 ),

where α1 , β1 , α2 , and β2 are the hyperparameters. Beta prior was chosen because it is a flexible family
of distributions covering many special cases from very diffused priors such as non-informative to highly
concentrated priors. Moreover, since the beta distribution is conjugate to the binomial distribution, the
posterior distribution using a beta prior leads to a posterior that is again a beta distribution. The posteriors
of p1 and p2 given the observed x1 and x2 follow beta distributions below:
p1 |x1 ∼ Beta(α1 + x1 , β1 + n − x1 )

and p2 |x2 ∼ Beta(α2 + x2 , β2 + n − x2 ).

The mean and the variance of the posterior density for difference between two arms p1 − p2 can be calculated
and they are:
α2 + x2
α1 + x1
−
µ = p1 − p2 | (x1 , x2 ) =
α1 + β1 + n α2 + β2 + n
and
σ 2 = σ12 + σ22 | (x1 , x2 ) =

(α2 + x2 )(β2 + n − x2 )
(α1 + x1 )(β1 + n − x1 )
+
,
(α1 + β1 + n)2 (α1 + β1 + n + 1) (α2 + β2 + n)2 (α2 + β2 + n + 1)

respectively. Therefore, in mathematical notation, one will claim that the drug is promising if
P r(p1 − p2 ≥ δ1 | x1 , x2 , n, α1 , β1 , α2 , β2 ) ≥ λ1

and P r(p1 − p2 ≤ δ2 | x1 , x2 , n, α1 , β1 , α2 , β2 ) ≤ λ2 ,

in this article, we set δ1 = 0.15, λ1 = 0.5, δ2 = 0.05, λ2 = 0.2.
2.2 Sample Size Determination
In order to calculate the sample size n, we set x1 , x2 equal to some value, say x1 (n) and x2 (n) where
x1 (n) = (R1 − )n and x2 (n) = (R2 + )n where  is greater than 0. We set the target response rate for
treatment arm R1 = 0.25 and target response rate for control arm R2 = 0.05. So x1 (n) and x2 (n) are
approximate expected value of x1 and x2 conditional on the true underlying distribution being slightly below
and above the target rate (say  is relatively small), respectively. Similar values were assumed in two previous
publications (Gajewski and Mayo 2006; Tan and Machin 2002). Based on extensive simulations, Gajewski
and Mayo claimed the excellent accuracy of the xn adopted approach to the basic Bayesian theoretical
framework. Set “− ” and “+ ” in x1 (n) and x2 (n) because for the control group, we have some data from
other studies and for the prior is more trustworthy than the prior for the treatment group which we have
less information. This setting will yield a more conservative sample size as well as provide a solution of
circumventing computational issue within beta posterior mean difference calculation.
Let  = n1 , then the question in Section 1 becomes: to find the minimal integer n which satisfies both:
n
o
min n | P r(p1 − p2 ≥ 0.15 | x1 = nR1 − 1, x2 = nR2 + 1, α1 , β1 , α2 , β2 ) ≥ 0.5
(1)
and

n
o
min n | P r(p1 − p2 ≤ 0.05 | x1 = nR1 − 1, x2 = nR2 + 1, α1 , β1 , α2 , β2 ) ≤ 0.2 ,

(2)

where p1 − p2 | (x1 , x2 ) ∼ N (µ, σ 2 ) by using normal approximation.
2.3 Calculation Results
In this section we consider sample size calculation in the case of various target values of λ1 (in most scenarios
the sample size will satisfy equation (2), and the calculation is similar) under various beta prior distributions.
• Case 1: Naı̈ve non-informative prior. Both priors are diffused non-informative — using uniform for
treatment and Jeffereys’ for control, we could simply choose

α1 = β1 = 1, α2 = β2 = 0.5.
• Case 2: The mode of the prior’s distribution equals response rate. For the prior selection, this approach
has the interpretation of a mode, which has prior parameters of α = pprior + 1 and β = 1 − pprior + 1
(Gelman et al. 2000). Recall that this prior has a mode of pprior and a prior sample size equivalent to
a + b = 3. Using this approach, the hyperparameters can be calculated:
α1 = 1.25, β1 = 1.75, α2 = 1.05, β2 = 1.95.
• Case 3: Informative prior. Following Gelman’s approach, we can select an informative case by using
nprior = 10 in α = pprior + 1 + nprior pprior and β = 1 − pprior + 1 + nprior (1 − pprior ). Using this
approach, the hyperparameters can be calculated:
α1 = 3.75, β1 = 9.25, α2 = 1.55, β2 = 11.45.
• Case 4: The mean of prior’s distribution equals to response rate. We can select informative case by
2
1
= p1 and α2α+β
= p2 . Using this approach, the hyperparameters can be calculated:
using α1α+β
1
2
α1 = 3.25, β1 = 9.75, α2 = 0.65, β2 = 12.35.
The sample sizes under various level of λ1 (λ2 = 0.2 for all cases of λ1 ) are given in Table 1. For example, in
case 4, given informative priors, 27 subjects need to be evaluated per arm to ensure that we will have at least
50% probability (highlighted row) of claiming that the experimental drug has more than 15% improvement
compared to placebo.
Table 1. Sample size calculation, using non-informative and informative priors.
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Case 1
27
38
57
87
134

Case 2
30
45
67
98
147

Case 3
20
35
57
88
137

Case 4
15
27
46
75
123

For a fixed sample size, Figure 1 examins the relationship between δ1 and λ1 . Figure 2 displays various beta
prior distribution for case 1 - 4 in Section 2.3. The curves of cases 1 and 2 are relatively flat and majority
portion between treatment and control is very close. This is coincident with larger sample size required for
both cases due to the fact that more information need to be gathered for updating posterior distribution. The
curves in cases 3 and 4 are much steeper, and the difference between treatment and control is graphically evident. These informative priors coupled with obvious response rate difference resulted in much smaller sample
sizes, especially for case 4 because of more extreme shape (the curve of control arm has been truncated due
to the extremely concentrated value).
3. Alternative Approach
The objective of this section is to provide additional assurance that the sample size calculation result in Table
1 is robust. We follow the approach outlined in Gajewski and Mayo (2006). The notation and specification
of prior distribution is the same as Section 2.1, namely
p1 ∼ Beta(α1 , β1 )

and p2 ∼ Beta(α2 , β2 ).

To illustrate the sample size calculation, we hypothesize the trial outcomes to be (x1 , x2 ) and find the smallest
n such that
n
o
P r (p1 − p2 ) ≥ 0.15 | x1 , x2 , α1 , β1 , α2 , β2 ≥ γ
(3)
We don’t include the condition specified in equation (2), as this condition is satisfied under the setting in
this article. As specified in Gajewski and Mayo (2006), we again set the target response rate for treatment
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Figure 1: Probability of success as a function of δ1 , given fixed n = 35.
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Figure 2: Comparison of beta prior distributions.
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arm R1 = 0.25 and target response rate for control arm R2 = 0.05. The hypothesized trial outcomes are:
x1 = (R1 + )n and x2 = (R2 − )n. Gajewski and Mayo (2006) set  to a small number, such as 0.05. For
our purpose, we set it to be (R1 − R2 )/20, which has the interpretation that we allow for 10% margin of
error on the difference of target response rates: R1 − R2 . This margin of error is close to what is proposed by
Gajewski and Mayo. We set γ to be 0.8, which has similar interpretation as the commonly used frequentist
criterion: A trial should have 80% Power of detecting a clinical significant difference. Note that γ has
different interpretation from λ1 used in Section 2.1, since the hypothesized outcomes are chosen differently.
After hypothesizing the trial outcome, we again have
p1 | x1 ∼ Beta(α1 + x1 , β1 + n − x1 )

and p2 | x2 ∼ Beta(α2 + x2 , β2 + n − x2 ).

We will then calculate the left hand side of equation (3) using the normal approximation from Section 2.2.
We did the calculations using the same set of priors as Section 2.3, we just present case 2 and case 3 as
examples:
• Case 2: α1 = 1.25, β1 = 1.75, α2 = 1.05, β2 = 1.95. Calculated sample size per arm = 46 compared
with 45 from Section 2.3.
• Case 3: α1 = 3.75, β1 = 9.25, α2 = 1.55, β2 = 11.45. Calculated sample size per arm = 40 compared
with 35 from Section 2.3.
Other cases have similar results as presented in Section 2.3, therefore it gives us additional evidence for the
validity of sample size selection.
5. Conclusions
In summary, we examined the Bayesian sample size calculation proposed for two-arm clinical trials with
binomial responses. We discussed the wide range of prior selection when designing and analyzing a phase
II clinical trial and demonstrated that our approach is relatively robust under a very flexible class of prior
distributions. A natural extension to this work would be to place an interim analysis on the Bayesian framework, which provides capabilities of stopping the trails earlier based on early extreme efficacious or futile
observations.
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