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Abstract
In socio-economic statistics, the outlier detection based on ratio edits is widely used.
The paper discusses the power of ratio edits in detecting outliers and the way to
improve the power by reasonably choosing ratio composition. The study shows the
power of ratio edits is mainly determined by the variation coefficients of ratio
variables and the power can be improved if an appropriate denominator is chosen
which will make the variation coefficient of the ratio variable be small. Firstly, the
correlation coefficient between the numerator and the denominator should be as large
as possible. Secondly, the variation coefficient of the denominator should be less than
the one of the numerator, but the difference between them should not be too large.
Besides, the critical conditions with which we can judge if the detection power is
improved and the improved degree are given, which is useful for judging if the
composition of ratio variables is reasonable.
Keywords: quality of statistical data; ratio edit; power of outlier detection;
Tailor approximation of the variance of the ratio variable

1. Introduction
In socio-economic statistics, ratio edits are widely used and play an important role
when detecting the abnormal points in survey data from basic statistical units. The
ratio edit approach is to compare the ratio of two highly correlated data items with the
upper and lower bounds of preassigned tolerance interval and find out the outliers in
survey data. Ratios outside the tolerance are considered outliers, and one or both of the
items in a ratio outlier may be wrong and need to be flagged by analyst review.
Socio-economic survey data are multidimensional, therefore, a statistical item
can be tested in many ratio edits by selecting different denominators. Different ratio
edits have different power of detecting outliers. One always hopes a ratio edit has high
power, that is, as many abnormal data as possible can be detected under a high
confidence level. Obviously, studying how to reasonably choose the ratio edit to
improve the detection power is quite significant. Besides, it is impossible and
unnecessary to test survey data in all possible ratio edits and we need to choose those
important and efficient ones from many ratio edits.
At present, the study on ratio edits is focused on the design of ratio statistics, the
determination of the upper and lower bounds of tolerances and the comparison of
different ratio edit approaches (Thompson et al 1999, 2007; Zhang, 2010), while there
is little research on how to reasonably choose the ratio composition. Cheng et al (2013)
studied this issue and gave the conditions that the correlation coefficient of the two
variables composing ratios should satisfy under the circumstance that two variables

obey joint lognormal distribution. Under this assumption, the ratio variables are
normally distributed after the logarithmic transformation, which is a special case.
Generally, socio-economic data are highly right skewed. Although after a power
transformation, they can be turned into a normal distribution (Box et al, 1964), but
only marginally correlated. At this time, the conditions given by the paper (Cheng et al
2013) are not applicable. It is the aim of this paper to discuss the power of outlier
detection by ratio edits under more common situations that the two variables of ratios
have marginal correlated normal distribution.
2. Power of outlier detection by ratio edits
Let R  X / Y be a ratio variable with sample r1  x1 / y1 ,, rn  xn / yn . For X with sample
x1 ,, xn , it is maybe difficult to judge and find out which ones have large statistical
deviation from their real value only by their own values because those individuals near
the center of probability distribution may not be necessarily detected as outliers even
if they show severe statistical deviation. In addition, some data are detected as outliers
due to their large numerical values, and not due to their large deviation. But it is easier
to make the judgments through the ratio r1  x1 / y1 ,, rn  xn / yn because the data
with large deviation usually make their ratios outliers.
Ratio edits belong to the method of univariate test. In the test, null hypothesis is
H 0 : ri  F (i  1,, n) , where F is the target population distribution. An alternative
hypothesis is H : K  1 ratios are not from F, which are called contaminants. Ratios
outside the tolerance（RL , RU ) are considered outliers, and the interval（RL , RU ) is
determined based on statistical hypothesis and preassigned significance level  . Let
out（RL , RU ; F , )  (, RL ]  [ RU , )
(1)
then
P( R  out ( RL , RU ; F , ) H 0 )  

(2)
Significance level  denotes the probability that the sample data are from the target
population but judged as outliers, namely the probability that accurate ratios are
misjudged as wrong ones.
Under preassigned  , we always expect high power of detecting outliers.
According to David (1981), the power can be expressed by
P1  P( R  out ( RL , RU ; , F ) H )
(3)
which is called power function. This is the probability under H that the outliers are
detected as discordant. Obviously, the higher P1 , the stronger the ability of detecting
outliers is. Because contaminants are not always manifested as outliers, in order to
distinguish whether the outliers are contaminants, the following two indicators can be
also used to measure the power.
P3  P(k contaminants are outliers, R  out ( RL , RU ;  , F ) H )
(4)
This is the probability that k contaminants are the outliers and are detected as
discordant.
P5  P( R  out ( RL , RU ; , F ) H , k contaminants are outliers)
(5)
This is the probability that, when k contaminants are outliers, they are detected as
discordant.
For a ‘good’ test, we require P1 , P3 , P5 to be high, and P1  P3 to be low under fixed
 (usually 0.05), obviously, according to (3), (4) and (5), the interval（RL , RU ) should

be small.

Therefore, when the condition (11) is satisfied, the ratio R can be approximately
expressed by (6). The condition (12) will be explained later. The variable Y is chosen
by us, so the conditions (10), (11) and (12) are generally achievable.
From (6), the second-order approximation of R is
R2   x / y 1  ( x  y)  ( x  y) y  .

(13)

The mean of R2
 R2   x (1   x y   y2 )/ y .

(14)

When (12) holds, and  x / y  1 ,  R2 is minimum. Obviously
 x (1 -  y2 )/ y   R 2   x (1   y2 )/ y

(15)

According to (11), we obtain
 R 2   x / y

(16)

Using (16), the variation coefficient  R22 of R2 can be expressed as
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From (18), (19)
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1） ( x2  2 xy x y   y2 ) ;
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 R2（
2） E ( xy   x / y x y ) 2  2( xy   x / y x y )( y 2   y2 )  ( y 2   y2 ) 2 .
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For normal random variable y , we have
E ( y 2   y2 ) 2  2 y4

(21)
(22)
(23)

Based on (23)
E( xy   x / y x y ) 2  E( x 2   x2 )( y 2   y2 )  (1   x2/ y ) x2 y2
  x2 / y 2 E ( x 2   x2 ) 2 E ( y 2   y2 ) 2  (1   x2/ y ) x2 y2
 (1  2 x 2 / y 2   x2/ y ) x2 y2

(24)

where  x 2 / y 2 is the correlation coefficient between x 2 and y 2 . Based on (23), (24)
E ( xy   x / y x y )( y 2   y2 )   xy / y 2 E ( xy   x / y x y ) 2 E ( y 2   y2 ) 2
  xy / y 2 2(1  2 x 2 / y 2   x2/ y ) x y3

(25)

where  xy / y 2 is the correlation coefficient between xy and y 2 . Substituting (23), (24)
and (25) into (17), we obtain
 R22 (2)  (1  2 x 2 / y 2   x2/ y ) x2 y2  2 xy / y 2 2(1  2 x 2 / y 2   x2/ y ) x y3  2 y4

(26)

Now we analyze the correlation coefficients  x / y ,  x 2 / y 2 and  xy / y 2 . Obviously, if x
and y are independent in their joint distribution, then  x / y   x 2 / y 2   xy / y 2  0 ; and if
 x / y  1 , then P( x  y)  1 , therefore  x 2 / y 2   xy / y 2  1 . Usually in ratio edits, y is

chosen with high  x / y (at least 0.8), therefore we believe there exists the approximate
relationship  x / y   x 2 / y 2   xy / y 2 , and then 1  2 x 2 / y 2   x2/ y  2 . At this time, (22)
becomes

 R22 (2)  2 y2  x2  2 x / y x y   y2 

(27)

Substituting (27) into (20), we obtain
 R2  ( x2  2 xy x y   y2 ) (1  k 2 y ) , 1  k  1

(28)
The result (28) shows that  R2 consists of two parts: one is  R2 (1) which is the
variation coefficient of the linear part ( x  y) of R2 ; the other is  R2 (2) which is the
variation coefficient of the nonlinear part ( x  y) y of R2 . These two parts have an
approximate relationship  R2 (2)  2  k y R2 (1) . When  y  0.3 ,  R2 (2) accounts for at
most 30% in  R2 , and when  y  0.2 ,  R2 (2) accounts for at most 22% in  R2 .
Obviously,  R2 (1) is the main influencing factor on  R2 , and the next is  R2 (2) or  y .
4. Conditions for improving the power
According to (21), for 0   xy  1 , the following relation holds
( x   y ) 2   R22 (1)   x2   y2
(29)
The value of  R2 (1) is mainly influenced by  xy , and it can be easily verified:
 xy  0
If
then  R2 (1)   x2   y2 ;
(30)
If
then  R2 (1)   x   y ;
(31)
 xy   y / 2 x ,
If
(32)
1）  x ;
 x / 2 y   xy   y / 2 x , then  y   R（
2
If
then  R（
(33)
1）  y   x
 xy   x / 2 y ,
2
 xy  1 ,
If
then  y   x , and then  R2 (1)  0 .
(34)
The analysis above shows:
a. if the denominator of ratio variables is appropriate, the variation coefficient of
the ratio will be low and the power of outliers detection will be improved. But certain
conditions need to be met. When  xy is less than the lower bound prescribed in (31),
the variation coefficient of the ratio is the largest compared with the ones of the
numerator and the denominator, which will make the detection power of the ratio test
be worse. We should point out that the power here refers to the value of P1 , that is, the
probability that outliers are detected as discordant under H .
b. when (32) is satisfied, the variation coefficient of the ratio is between the ones
of the numerator and the denominator, and the detection power of the ratio test is also
between the numerator test and the denominator test. In this case, the ratio test can
improve the power of outlier detection.
c. when (33) is

numerator and denominator of ratio variables are normally distributed. For the case of
non-normal distribution, we should first take the power transformation to make them
to be normal, and then analyze and choose an appropriate ratio variable.
5. Main conclusions
This paper studies the power of outlier detection by ratio edits and the way that the
composition of ratio variables is reasonably chosen to improve the power. First, the
analysis on the power function shows the power of ratio edits is mainly determined by
the variation coefficient of the ratio variable and the power can be improved if an
appropriate denominator is chosen which will make the variation coefficient of the
ratio be low. Based on the method of error propagation, the paper analyzes the
variation coefficient of ratio variables which is expressed in terms of the variation
coefficient of the ratio numerator and denominator, and their correlation coefficient by
the second order Tailor approximation. The conditions have been obtained that the
power can be improved through reasonably choosing the ratio composition. Firstly,
the correlation coefficient between the numerator and the denominator should be as
large as possible. Secondly, the variation coefficient of the denominator should be
lower than the one of the numerator, but the difference between them should not be
too large. According to the analysis, the critical conditions with which we can judge if
the detection power is improved and the improved degree are given, which is useful
for judging if the composition of ratio variables is reasonable.
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