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Abstract

Univariate Birnbaum-Saunders models have been widely studied and applied to fatigue studies and reliabil-
ity analysis. We derive a new methodology based on multivariate generalized Birnbaum-Saunders regression
models. We use the maximum likelihood method and the EM algorithm for estimating the model parameters.
We apply the methodology analyzing a real-world multivariate fatigue data set, which results could allow
engineers of materials to schedule tool changing times in metal forming processes and to evaluate tool costs.

Keywords: EM algorithm, logarithmic distributions, maximum likelihood method, multivariate Birnbaum-
Saunders distributions.

1. Introduction
The Birnbaum-Saunders (BS) distribution is unimodal, positively skewed and useful to describe fatigue data,
as well as reliability data in general. Details about fatigue processes and reliability analyses based on the
BS distribution can be found in Leiva et al (2014). In this work, we focus on metal fatigue, which causes
premature failure of structures composed by metals. The univariate BS distribution has been widely studied
because of its good properties, its relation with the normal distribution and its diverse applications; see
Johnson et al (1995). Rieck & Nedelman (1991) introduced a logarithmic version of the univariate BS (log-
BS) distribution and its associated regression model for describing fatigue data; see also Galea et al (2004).
Diaz-Garcia & Leiva (2005) proposed univariate generalized version of the BS (GBS) distribution by using
diverse arguments. The univariate log-GBS distribution and its associated regression model were studied
by Barros et al (2008) and Paula et al (2012). Bivariate versions of the BS distributions were proposed
by Kundu et al (2010) and Vilca et al (2014a), multivariate versions of the GBS distributions were derived
by Kundu et al (2013), whereas Caro et al (2012) introduced matrix-variate GBS distributions. Kundu
(2014) and Vilca et al (2014b) presented bivariate log-BS and log-GBS distributions. However, no studies on
multivariate log-GBS distributions nor GBS regression models have been published.
The objectives of this work are (i) to propose multivariate log-GBS distributions and (ii) to derive a method-
ology to describe multivariate reliability data by GBS regression models.

2. Preliminaries
A random variable (RV) T is said to have a univariate BS distribution with parameters of shape α ∈ R+ and
scale λ ∈ R+, which is denoted by T ∼ BS(α, λ), if

T = λ[αV/2 + {(αV/2)2 + 1} 1
2 ]2, where V = [{T/β} 1

2 − {β/T} 1
2 ]/α ∼ N(0, 1). (1)

If the assumption given in (1) is relaxed supposing V to follow any standard symmetric (SS) distribution
in R with kernel g(·) for its probability density function (PDF), then we obtain the class of univariate GBS
distributions. In this case, the notation T ∼ GBS(α, λ, g) is used and its cumulative distribution function
(CDF) is FT (t;α, λ) = F (a(t;α, λ), g), for t ∈ R+, where F (·, g) is the CDF of a SS distribution. The
corresponding PDF is

fT (t;α, λ, g) = f (a(t;α, λ), g)A(t;α, λ), t ∈ R+, (2)

where A(t) is the derivative of a(t;α, λ) = [{t/λ} 1
2 −{λ/t} 1

2 ]/α, so that A(t;α, λ) = [{λ/t} 1
2 + {λ/t} 3

2 ]/[2αλ]
and f (·, g) is the PDF of a SS distribution. Some properties of GBS distributions are:



(A1) k T ∼ GBS(α, k λ, g), with k ∈ R+; (A2) 1/T ∼ GBS(α, 1/λ, g); and (A3) W = V 2 = [T/λ + λ/T −
2]/α2 ∼ Gχ2(1, g), that is, W follows a generalized χ2 distribution with one degree of freedom (DF); see
Fang et al (1990).
Consider the regression model proposed by Rieck & Nedelman (1991) given by

Ti = exp(x>i β)ζi, i = 1, . . . , n, (3)

where Ti is the response variable, x>i = (1, xi2, . . . , xip) are the values of p − 1 regressor variables, β =
(β0, β1, . . . , βp−1)> is a vector of unknown parameters to be estimated and ζi ∼ BS(α, 1) is the model error.
From property (A1), note that Ti ∼ BS(α, exp(x>i β)). Based on the model defined in (3), we have the BS
log-linear regression model given by

Yi = x>i β + εi, i = 1, . . . , n, (4)

where Yi = log(Ti) is the log-response variable, xi and β are as given in (3) and εi is the model error, with
εi = log(ζi) ∼ log-BS(α, 0). Thus, a RV Y is said to have a univariate log-BS distribution with parameter of
shape α ∈ R+ and mean µ = E[Y ] = log(λ) ∈ R, which is denoted by Y ∼ log-BS(α, µ), if

Y = µ+ 2arcsinh(αZ/2), where Z = 2 sinh([Y − µ]/2)/α ∼ N(0, 1). (5)

Similarly to the BS case, assumption in (5) can also be relaxed supposing Z to follow any SS distribution
in R with kernel g(·). Then, the notation Y ∼ log-GBS(α, µ, g) is used and its CDF is FY (y;α, µ, g) =
F (b(y;α, µ), g), where F (·) is a SS CDF. The corresponding PDF is

fY (y;α, µ, g) = f(b(y;α, µ), g)B(y;α, µ), y ∈ R, (6)

where B(·) is the derivative of b(·) expressed in terms of the hyperbolic sine and cosine as

b(y;α, µ) = 2 sinh([y − µ]/2)/α, so that B(y;α, µ) = cosh([y − µ]/2)/α, (7)

and f(·, g) is as given in (2).
The log-BS-t distribution is constructed replacing Z ∼ N(0, 1) in (5) by the representation

S = U−
1
2Z ∼ t(ν), where U ∼ Gamma(ν/2, ν/2), (8)

with U being independent of Z, that is, S has a Student-t distribution with shape parameter ν ∈ R+. Thus,

Y = µ+ 2arcsinh(αZ/[2U
1
2 ]) ∼ log-BS-t(α, µ, ν). (9)

Using the t kernel allows us to obtain robust estimation to atypical data and implement the EM algorithm;
see Paula et al (2012).
A random vector T = (T1, . . . , Tm)> ∈ Rm

+ is said to have a multivariate GBS distribution with parameters of
shape α = (α1, . . . , αm)> ∈ Rm

+ of scale λ = (λ1, . . . , λm)> ∈ Rm
+ , correlation matrix Ψ = (ρij) ∈ Rm×m and

kernel of the elliptically contoured (EC) distribution g(m), which is denoted by T ∼ GBSm(α,λ,Ψ, g(m)), if
its CDF is given by

FT (t;α,λ,Ψ, g(m)) = FECm(a; Ψ, g(m)), (10)

for t = (t1, . . . , tm)> ∈ Rm
+ , where FECm(·) is the CDF of a random vector V ∈ Rm following an EC

distribution with scale matrix Ψ and a = a(t;α,λ) = (a1, . . . , am)>, with aj = a(tj ;αj , λj), for j = 1, . . . ,m,
as given in (2).
The PDF of T ∼ GBSm(α,λ,Ψ, g(m)) is defined by

fT (t;α,λ,Ψ, g(m)) = fECm
(a; Ψ, g(m))A(t;α,λ), t ∈ Rm

+ , (11)

where fECm
(t; Ψ, g(m)) = cm|Ψ|−

1
2 g(m)(t>Ψ−1t) is the corresponding EC PDF, with normalizing constant

cm > 0 and A(t;α,λ) =
∏m

j=1A(tj ;αj , λj), with A(tj ;αj , λj), for j = 1, . . . ,m, as given in (2).

3. Multivariate log-GBS distributions
If T = (T1, . . . , Tm)> ∼ GBSm(α,λ,Ψ, g(m)), then Y = (log(T1), . . . , log(Tm))> follows a multivariate log-
GBS distribution with parameter α = (α1, . . . , αm)>, mean µ = E[Y ] = (log(λ1), . . . , log(λm))> ∈ Rm,
correlation matrix Ψ and kernel g(m). This is denoted by Y ∼ log-GBSm(α,µ,Ψ, g(m)). Note that, in pre-
vious results, multivariate GBS distributions have been defined in terms of the correlation matrix. However,
they can also be defined in terms of the variance-covariance matrix. Then, in our case, we derive multivariate



log-GBS distributions in both of these ways considering Ψ = DΣD, where Σ is the corresponding variance-

covariance matrix given by Σ = (σij) ∈ Rm×m and D = diag(σ
−1/2
1 , . . . , σ

−1/2
m ), with σ2

j = σjj being the
variance of the jth RV Yj , for j = 1, . . . ,m, and σij the covariance between the RVs Yi and Yj , for i 6= j.
The CDF of Y is FY (y;α,µ,Ψ, g(m)) = FECm

(b; Ψ, g(m)), for y = (y1, . . . , ym)> ∈ Rm, where FECm
(·) is

given in (10) and b = b(y;α,µ) = (b1, . . . , bm)>, with bj = b(yj ;αj , µj), for j = 1, . . . ,m, as given in (7).
The PDF of Y is

fY (y;α,µ,Ψ, g(m)) = fECm

(
b; Ψ, g(m)

)
B(y;α,µ), y ∈ Rm, (12)

where fECm(·) is given in (11) and B(y;α,µ) =
∏m

j=1B(yi;αj , µj), with B(yj ;αj , µj) as given in (7),
for j = 1, . . . ,m. Theorem 1 provides marginal and conditional distributions of the multivariate log-GBS
distribution, which are useful in the development of this work.

Theorem 1 Let Y ∼ log-GBSm(α,µ,Ψ, g(m)) and Y , α, µ and Ψ be partitioned as

Y =

(
Y1

Y2

)
, α =

(
α1

α2

)
, µ =

(
µ1

µ2

)
, Ψ =

(
Ψ11 Ψ12

Ψ21 Ψ22

)
, (13)

where Y1, α1, µ1 ∈ Rq, Ψ11 ∈ Rq×q, and the remainder of elements defined suitably. Then, (a) Y1 ∼
log-GBSq(α1,µ1,Ψ11, g

(q)) and Y2 ∼ log-GBSm−q(α2,µ2,Ψ22, g
(m−q)), where g(q) can be obtained as g(q)(s) =

[π
m−q

2 /Γ({m− q}/2)]
∫∞
0
s

m−q−2
2 g(m)(s+ y)dy; (b) the CDF of Y1 given Y2 = y2 is FY1|Y2=y2

(y1) = FECq
(b1−

Ψ12Ψ
−1
22 b2; Ψ11.2, g

(q)

(b>2 Ψ−1
22 b2)

), where b1 = (b1, . . . , bq)>, b2 = (bq+1, . . . , bm)>, Ψ11.2 = Ψ11−Ψ12Ψ
−1
22 Ψ21,

with bj = b(yj ;αj , µj), for j = 1, . . . ,m, and g
(q)
(w)(s) = [g(m)(s + w)/g(m−q)(w)]; and (c) the PDF of Y1|Y2

is fY1|Y2=y2
(y1) = fECq

(b1 −Ψ12Ψ
−1
22 b2,Ψ11.2, g

(q)

(b>2 Ψ−1
22 b2)

)
∏q

j=1B(yj ;αj , µj).

Let the random vector S ∈ Rm have a multivariate t distribution with scale matrix Ψ > 0 (positive de-
fined) and ν ∈ R+ DFs, which is denoted by S ∼ tm(0m×1,Ψ, ν), with 0m×1 ∈ Rm being a vector of zeros.

Then, we can represent S in an analogous way to the univariate representation given in (8) as S = U−
1
2Z,

where Z ∼ Nm(0,Ψ) and U ∼ Gamma(ν/2, ν/2), with U being independent of the elements of Z. Based
on this representation, S|U = u ∼ Nm(0, u−1Ψ). Properties of Y ∼ log-BS-tm(α,µ,Ψ, ν) are: (B1)
c� Y ∼ log-BS-tm(α, c�µ,Ψ, ν), where c = (c1, . . . , cm)> ∈ Rm

+ , with � denoting the Hadamard product;

(B2) Y |U = u ∼ log-BSm(u−
1
2α,µ, u−1Ψ); (B3) U |Y = y ∼ Gamma

(
[ν +m]/2, [ν + b>Ψ−1b]/2

)
, with

b as given in (12); (B4) E[U |Y = y] = [ν + m]/[ν + b>Ψ−1b]; and (B5) E[U2|Y = y] = [ν + m][ν + m +
2]/[ν + b>Ψ−1b]2. Note that (B5) is useful for implementing the EM algorithm in the ML estimation of the
multivariate log-BS-t parameters.

4. Multivariate GBS log-linear regresion model
Consider a multivariate extension of the BS log-linear regression model given in (4) as

Y = XB +E, (14)
where Y = (Yij) ∈ Rn×m is the log-response matrix, X = (xij) ∈ Rn×p is the model matrix of rank
p containing the values of p regressors. Here, X and Y are connected by a unknown coefficient matrix
B = (βij) ∈ Rp×m to be estimated and E = (εij) ∈ Rn×m is the model error matrix, with E[E] = 0n×1 ∈ Rn.
Additionally, in the model given in (14), let Y >i , x>i and ε>i be the ith row vector of Y ,X andE, respectively.
Thus, we can write Yi = µi + εi = x>i B+ εi, for i = 1, . . . , n, where εi ∼ log-GBSm(α1m×1,0m×1,Ψ, g(m)),
with 1m×1 ∈ Rm being a vector of ones. Note that we are assuming a common value for the αls through out
the different log-response variables such as in Rieck & Nedelman’s univariate model. This is due to that they
correspond to shape parameters and, usually, do not change with the log-response variable, such as in the
case of the data analysis reported in Section 5; see also Birnbaum & Saunders (1969) and Leiva et al (2014).
Let Y1, . . . ,Yn be a random sample from the multivariate log-GBS distribution with E[Yi] = x>i B and y =
(y>1 , . . . ,y

>
n )> be their observed values. Then, the log-likelihood function for θ = (α, vec(B)>, svec(Ψ)>)>,

with ‘vec’ and ‘svec’ denoting the vectorization and vectorization of a symmetric matrix, respectively, is

`(θ;y) =

n∑
i=1

log(fECm
(φi; Ψ, g(m))) +

n∑
i=1

m∑
j=1

log(ξij), (15)

where ξij = [2/α] cosh([yij−µij ]/2), with µij = x>ijβij , and φi = (φi1, . . . , φim)>, with φij = [2/α] sinh([yij−
µij ]/2), for i = 1, . . . , n and j = 1, . . . ,m. From (15), if g(m) is the multivariate t kernel, then the log-
likelihood function for θ is given by



`(θ;y) = c1 −
n

2
log(|Ψ|)−

[ν +m

2

] n∑
i=1

log(ν + φ>i Ψ−1φi) +

n∑
i=1

m∑
j=1

log(ξij), (16)

where c1 is a constant that is independent of θ, ξij and φi are given in (15). From (15) and (16), note that is
not possible to find a closed form solution for the ML estimate of θ. In addition, notice that the parameter
ν of the multivariate log-BS-t distribution can be assumed to be fixed or known from the data due to a
statistical robustness aspect; see Paula et al (2012). For the multivariate BS log-linear regression model, the
log-likelihood function for θ can be analogously constructed as in (16).
The EM algorithm is one of most powerful iterative methods for finding ML estimates of statistical model
parameters, when the model depends on (unobserved) latent variables. This algorithm is computationally
simple, numerically stable and used for a broad range of applications; see McLachlan & Krishnan (1997).
Each iteration of this algorithm alternates between an expectation (E) step and a maximization (M) step.
Again let Y1, . . . ,Yn be a random sample from the multivariate log-BS-t distribution and y = (y>1 , . . . ,y

>
n )>

be their observed values. In addition, recall from property (B2) that

Yi|Ui = ui
ind∼ log-BSm

(
u
− 1

2
i α1,x>i B, u

−1
i Ψ

)
and Ui

iid∼ Gamma (ν/2, ν/2) , i = 1, . . . , n, (17)

where, in this case,
ind∼ denotes that the components of the random vector are independent and

iid∼ denotes
independent and identically distributed RVs. Then, under the hierarchical representation given in (17) and
using properties of conditional distributions for Y (c) = (Y >,U>), with y(c) = (y>,u>) being the complete-
data vector, where u = (u1, . . . , un)> are the values of the vector of latent variables U = (U1, . . . , Un)>, it
follows that the complete-data log-likelihood function for θ can be expressed as

`(c)(θ) = `(c)(θ;y(c)) = c2 −
n

2
log(|Ψ|)−

n∑
i=1

u2
i

2
φ>i Ψ−1φi +

n∑
i=1

m∑
j=1

log(ξij), (18)

with c2 being a constant that is independent of the parameter vector θ and ξij ,φi are as given in (15),
for i = 1, . . . , n and j = 1, . . . ,m. Now, the expected value of `(c)(θ;Y (c)) given from (18), conditional on
Yi = yi, based on property (B5), can be expressed by a function of θ as

Q(θ) = E[`(c)(θ;Y (c))|Y = y] = c2 −
n

2
log(|Ψ|)− 1

2

n∑
i=1

wiφ
>
i Ψ−1φi +

n∑
i=1

m∑
j=1

log(ξij), (19)

where wi = ū2i = E[U2
i |Yi = yi] = [ν +m][ν +m+ 2]/[ν + φ>i Ψ−1φi]

2 acts as a weight function such as in
the univariate case, allowing this procedure to be robust; see Paula et al (2012).
Algorithm 1 proposes an EM approach for computing the parameter estimates of the model in (14) with t
kernel maximizing the expected value given in (19) with respect to θ. Because this expected value is function

of θ, Algorithm 1 needs a starting value for θ, θ̂(0) say, to initiate this maximization. However, it reduces to
finding a starting value for wi given in (19), which can be obtained as

ŵ
(0)
i = E[U2

i |Yi = yi; θ̂
(0)] = [νk +m][νk +m+ 2]/

[
νk + φ̂

(0)>
i {Ψ̂(0)}−1φ̂(0)

i

]2
, (20)

where νk is a known value of ν and φ̂
(0)
i has elements φ̂

(0)
ij as given in (15), which must be evaluated at initial

values for α and µij . On the one hand, an initial value for α can be obtained from a moment estimate (see
Vilca et al, 2014b) based on Sj =

∑n
i=1 exp(yij)/n and Rj = [

∑n
i=1 exp(yij)

−1/n]−1 as

α̂(0) =
1

m

m∑
j=1

ᾱj =
1

m

m∑
j=1

[2{(Sj/Rj)
1
2 − 1}]

1
2 . (21)

On the other hand, an initial value for µij can be obtained as µ̂
(0)
ij = x>ij β̂

(0)
ij , with β

(0)
ij being computed from

the corresponding elements of the ordinary least square estimate B̃ = (X>X)−1X>Y . Furthermore, to

compute the weight function given in (20), we need Ψ̂(0) = DΣ̂(0)D, where Σ̂(0) = 1
n

∑n
i=1 φ̂

(0)
i φ̂

(0)>
i and

D is defined in Section 3. Because the EM algorithm is an iterative procedure, then the function Q(θ) to be
maximized and given in (19) needs to be evaluated at a previous value to the rth iteration of θ, inducting

the notation Q(θ|θ̂(r−1)). Algorithm 1 must be iterated until to reach convergence. For example, when

|`(c)(θ̂ (r)) − `(c)(θ̂ (r−1))| < 10−5, where θ̂ (r) is the current ML estimation of θ and θ̂ (r−1) its previous
estimation and `(c)(·) is given by in (18); see McLachlan & Krishnan (1997, p.p. 21-23).



Algorithm 1 EM approach for estimating the multivariate BS-t regression model parameters

E-step. Given θ̂(r−1), compute Q(θ|θ̂(r−1)), for r = 1, 2, . . ., which reduces to compute ŵ
(r)
i with (19);

M-step. Find θ̂(r) = arg maxθ Q(θ|θ̂(r−1)), for r = 1, 2, . . ., where Q(θ|θ̂(r−1)) is given from (19), leading to the iterative
procedure:

α̂(r) =
[ 4

nm

n∑
i=1

ŵ
(r−1)
i %̂

(r−1)>
i

{
Ψ̂(r−1)

}−1
%̂
(r−1)
i

]1/2
,

Ψ̂(r) = DΣ̂(r)D, with Σ̂(r) =
1

n

n∑
i=1

ŵ
(r−1)
i φ̂

(r−1)
i φ̂

(r−1)>
i ,

0 =
1

2

n∑
i=1

X
[
ŵ

(r−1)
i ξ̂

(r−1)>
i

{
Ψ̂ (r−1)

}−1
ξ̂

(r−1)
i − 1m×1δ̂

(r−1)
i

]
,

where %̂
(r−1)
i = [α̂(r−1)/2]φ̂

(r−1)
i , with φ̂

(r−1)
i = (φ̂

(r−1)
i1 , . . . , φ̂

(r−1)
im )>, whose elements are φ̂

(r−1)
ij = [2/α̂(r−1)] sinh([yij −

µ̂
(r−1)
ij ]/2), ξ̂

(r−1)
i = (ξ̂

(r−1)
i1 , . . . , ξ̂

(r−1)
im )>, with ξ̂

(r−1)
ij = [2/α̂(r−1)] cosh([yij − µ̂

(r−1)
ij ]/2), and δ̂

(r−1)
i =

(δ̂
(r−1)
i1 , . . . , δ̂

(r−1)
im )>, with δ̂

(r−1)
ij = ξ̂

(r−1)
ij /φ̂

(r−1)
ij = tanh([yij − µ̂

(r−1)
ij ]/2) for i = 1, . . . , n, j = 1, . . . ,m.

5. Application
The objective of this application is to model the die lifetime and another response variables in a metal forming
process; see details in Lepadatu et al (2005). The variables (regressors) that affect the die life prediction
(responses) are: (a) work temperature (X1) in degrees Celsius and (b) friction coefficient (X2). The variables
(responses) to be modeled are: (c) manufacturing force (T1), (d) Von Misses stress (T2), (e) die lifetime
(T3) and (f) maximum deformation (T4). A real-world fatigue life data set associated with these variables is
provided in Lepadatu et al (2005).
Considering the robustness characteristics of BS-t models and the objective of this application to describe
the manufacturing force, Von Misses stress, die lifetime and maximum deformation in function of the work
temperature and friction coefficient to predict metal forming process, we propose the multivariate log-linear
regression model

Yij = β0j + β1jxi1 + β2jxi2 + εij ,

where Yij = log(Tij) is the logarithm of the response variables and εi = (εi1, . . . , εi4)> ∼ log-GBS4(α14×1,04×1,Ψ4×4, g
(m)),

for i = 1, . . . , 15, j = 1, . . . , 4. We estimate the parameters of the multivariate BS and and BS-t regression
models via the EM approach described in Algorithm 1. This Algorithm was implemented by us in R code.
Estimated starting values, θ̂(0) say, used in the maximization procedure are α̂(0) = 0.547483,

B̃ =

(
15.010109 10.466326 6.176770 0.009389
−0.005824 −0.005546 0.005175 0.000089
4.379831 3.591659 0.777142 4.303004

)
, Ψ̂(0) =

 1.000000 0.962838 −0.376012 0.236159
0.962838 1.000000 −0.484327 0.232385
−0.376012 −0.484327 1.000000 0.554600
0.236159 0.232385 0.554600 1.000000


and νk = 4; see Barros et al (2008) and references therein for a justification about νk = 4. Note that,

in the iterations of the M-step, we maximize Q(θ|θ̂(r−1)) through the Broyden-Fletcher-Goldfarb-Shanno
(BFGS) algorithm because we have a nonlinear optimization problems. Notice also that, when comparing
the multivariate log-BS and log-BS-t regression models, the maximized log-likelihood value is equivalent to
using an information criteria, because the value of ν is assumed to be know and, then, both models (log-BS
and log-BS-t) have the same amount of parameters. For the data set under study, the maximum values
of the log-likelihood function are 120.297 and 115.761 for the log-BS4 and log-BS-t4 models, respectively.
Therefore, based in this information, we can conclude that the multivariate BS log-linear regression model
provided a better fit for this data set. In any case, Table 1 displays the model parameter estimates, the
estimated standard errors (SEs) of the corresponding ML estimators for both models and p-values.

5. Conclusions
In this work, we have established a methodology for multivariate generalized Birnbaum-Saunders regression
models to describe multivariate fatigue data. Specifically, we have proposed and developed a new multi-
variate generalized logarithmic Birnbaum-Saunders distribution. Then, based on it, we have formulated



Table 1: ML estimate of the indicated model parameter with the corresponding estimated SE and p-value.
Model

log-BS4 log-BSt4
Parameter Estimation SEs p-value Estimation SEs p-value

ρ12 0.947671 0.062214 < 0.0001 0.969413 0.131931 < 0.0001
ρ13 -0.285253 0.091955 0.001922 -0.241203 0.085224 0.004652
ρ14 0.2125604 0.298475 0.476368 0.296306 0.396704 0.455112
ρ23 -0.396719 0.137030 0.003790 -0.313539 0.128670 0.003911
ρ24 0.259656 0.115577 0.024665 0.398768 0.112834 0.000409
ρ34 0.476966 0.135876 0.000448 0.219808 0.335684 0.512592
β01 15.122311 0.090227 < 0.0001 15.033953 0.131661 < 0.0001
β02 10.590997 0.085755 < 0.0001 10.434689 0.083877 < 0.0001
β03 6.092114 0.271782 < 0.0001 6.142916 0.150068 < 0.0001
β04 0.028779 0.114671 0.801837 0.037586 0.065130 0.5638773
β11 -0.005980 0.000032 < 0.0001 -0.005858 0.000045 < 0.0001
β12 -0.005720 0.000014 < 0.0001 -0.005502 0.000045 < 0.0001
β13 0.005293 0.000274 < 0.0001 0.005216 0.000155 < 0.0001
β14 0.000064 0.000117 0.584373 0.000049 0.000049 0.3173105
β21 4.379818 0.908502 < 0.0001 4.380790 0.719172 < 0.0001
β22 3.596698 0.893199 < 0.0001 3.587606 0.778923 < 0.0001
β23 0.778761 1.203876 0.517711 0.771689 1.081137 0.475366
β24 4.299739 0.498557 < 0.0001 4.306409 0.587620 < 0.0001
α 0.142072 0.010056 – 0.566667 0.066905 –

a multivariate generalized Birnbaum-Saunders regression models, which can be useful for predicting metal
forming processes in practice considering, for example, the manufacturing force, Von Misses stress, die lifetime
and maximum deformation as a function of the work temperature and friction coefficient. We have provided
parameters estimation procedure based on the maximum likelihood method with an efficient computation
expectation-maximization algorithm. This methodology have been applied to real-world fatigue data allow-
ing us its illustration, which has shown the good fitting of the multivariate Birnbaum-Saunders regression
models to this type the data.
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