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Abstract
The launch of the Fermi Gamma-ray Space Telescope in 2008 resulted in a dramatic increase in the number of
known γ-ray pulsars. The opportunity to study a large number of these high-energy objects suddenly arose.
In order to study the surroundings of the pulsars, such as their associated Pulsar Wind Nebula (PWN),
requires the observer to focus only on those γ-ray emissions where the pulsed emission beam is not in the line
of sight of the observational instrument. It is therefore mandatory to establish the off-pulse window of the
pulsar before any research can proceed into the surrounding stellar structure of a pulsar. From several papers
published in astrophysical journals, it is evident that some analyses performed on histogram-type estimated
light curves are done with the “eye-ball” technique or visual inspection of the histogram, in order to identify
the off-peak phase interval. In contrast to this subjective approach to identify the off-pulse interval visually,
an objective technique was developed to estimate the off-pulse interval nonparametrically. The estimation
technique was implemented in a package developed for the statistical software, R. Broadly speaking, it is
based on a sequential application of P-values obtained from goodness-of-fit tests for the uniform distribution. To be more specific, the well-known Kolmogorov-Smirnov, Cramér-von Mises, Anderson-Darling and
Rayleigh test statistics are applied sequentially on subintervals of [0, 1]. An extensive simulation study was
conducted to evaluate the performance of the objective technique on different classes of distributions for an
array of different parameters. It was found that the technique provides an accurate estimation of the off-pulse
interval. Furthermore, the new method was also applied to several sets of real pulsar data, which resulted in
satisfactory estimated off-pulse intervals.
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1. Introduction
Since the launch of the Fermi Gamma-Ray Space Telescope, the number of detected pulsars in the γ-ray
domain has dramatically increased. Most of the pulsars detected by the Fermi -large area telescope (LAT)
are bright point sources in the γ-ray sky. In order to study the surroundings of the pulsars, such as their
associated Pulsar Wind Nebulae (PWNe), requires the assignment of phases to the γ-ray photons, and consequently requires the observer to focus only on those γ-ray emissions where the pulsed emission beam is not
in the line of sight of the observer or the observational instrument. It is therefore mandatory to establish
the off-pulse window of the pulsar before any research can proceed into the surrounding stellar structure of
a pulsar. This off-pulse window (synonyms: off-peak or off-pulse interval) can therefore be defined as the
period of time where the pulsar is “off”, implying the time period where the pulsar is not recognised as the
source of (or “responsible” for) any γ-rays that are received by the detection instruments. In other words, it
is possible to separate the pulse- and off-pulse window by taking the whole phase emission and subtracting
the off-pulse window to remain with the pulsed emission only (Abdo et al., 2010b). The on-peak interval can
also be defined as the complement of the off-peak interval, and vice versa.
2. Motivation
As stated, the launch of the Fermi Gamma-ray Space Telescope in 2008 resulted in a dramatic increase in
the number of known γ-ray pulsars. The opportunity to study a large number of these high-energy objects
suddenly arose, and several recent research papers were published on pulsars and their associated PWNe

(Abdo et al., 2009, 2010a,b,c,e,d; Ackermann et al., 2011). In the latter paper the key objective of the study
was to examine the properties of the off-pulsed emission of each pulsar in an attempt to detect the potential
emission associated with its PWN. All the mentioned research papers analyse the histogram-type estimated
light curves in order to understand the pulsar magnetosphere even better, including the PWNe associated
with most pulsars.
What is also evident is that some analyses performed on these histogram-type estimated light curves are
done with the “eye-ball” technique, or visual inspection of the histogram in order to identify the off-peak
phase interval (Parkinson et al., 2010). The identified off-peak window is then used to estimate the unpulsed
emission, which in turn is used to calculate other physical quantities of interest. It is therefore crucial that
the identification of the off-peak interval be done accurately, since further research is based on this interval.
Figure 1 is a typical illustration found in research papers where the off-pulse interval is identified by visual
inspection of the histogram estimate of the pulsar light curve.

Figure 1: Histogram estimate of the pulsar light curve used in the identification of the off-pulse
interval with visual inspection. Illustration adopted from Ackermann et al. (2011).

In contrast to this subjective approach to identify the off-pulse interval visually, the developed package is an
implementation of an objective technique to estimate the off-pulse interval nonparametrically. Figure 2 illustrates three scenarios, with each graph representing a simplified hypothetical pulsar light curve. The graphs
contain an interval where pulsed emissions are primarily observed (on-pulse interval), as well as a disjoint
interval where emissions are present that are not related to the pulsar (e.g. noise and possible emissions from
the PWN, called the off-pulse interval). It is assumed that there are only these two intervals present in each
scenario. Therefore, there are 2 unknown points a and b that need to be estimated from the data.
The main output following the application of the objective technique will be an estimate for the unknown
values a and b without using any parametric assumptions.
The remainder of this paper is structured as follows: Section 2 describes the off-pulse estimation technique,
followed by Section 3 and 4 that highlights the results of a simulation study and the application of the technique to real pulsar data, respectively.
3. A new sequential method to estimate the off-pulse interval
Broadly speaking, this technique is based on a sequential application of P-values obtained from goodnessof-fit tests for the uniform distribution (see, e.g., D’Agostino & Stephens (1986)). To be more specific, the

well-known Kolmogorov-Smirnov, Cramér-von Mises, Anderson-Darling and Rayleigh test statistics will be
applied sequentially on subintervals of [0, 1].

Figure 2: Illustration of 3 hypothetical pulsar light curves.
Firstly, a result will be stated and proved that provides the theoretical justification for the proposed procedure. For this, some notation needs to be introduced:
Let θ1 , θ2 , . . . , θn be a sample of independent and identically distributed (i.i.d.) uniform random variables
on the interval [0, 1] with corresponding order statistics
θ(1) ≤ θ(2) ≤ · · · ≤ θ(n) .
Suppose that r and s are integers such that 1 ≤ r ≤ s − 1 ≤ n − 2. Denote by f ∗ (xr+1 , . . . , xs |xr , xs+1 )
the joint conditional density function of θ(r+1) , . . . , θ(s) given that θ(r) = xr and θ(s+1) = xs+1 . Also, let
g ∗ (xr , . . . , xs+1 ) denote the joint density function of θ(r) , . . . , θ(s+1) and h∗ (xr , xs+1 ) the joint density function of θ(r) and θ(s+1) .
Proposition
(
∗

f (xr+1 , . . . , xs |xr , xs+1 ) =

(s−r)!
(xs+1 −xr )s−r

, for xr ≤ xr+1 ≤ · · · ≤ xs ≤ xs+1 ,

0,

elsewhere.

Proof
It is well known from the theory of order statistics (see, e.g., the books by Karlin (1966) and David (1981)
and the references therein) that
g ∗ (xr , . . . , xs+1 ) =
and
h∗ (xr , xs+1 ) =

n!
xr−1 (1 − xs+1 )n−s−1 ,
(r − 1)!(n − s − 1)! r

n!
xr−1 (xs+1 − xr )s−r (1 − xs+1 )n−s−1 .
(r − 1)!(s − r)!(n − s − 1)! r

The proof now follows directly from these two expressions and the fact that
f ∗ (xr+1 , . . . , xs |xr , xs+1 ) :=

g ∗ (xr , . . . , xs+1 )
.
h∗ (xr , xs+1 )

Remark
The result stated in the Proposition can be interpreted as follows:

“The joint conditional distribution of θ(r+1) , . . . , θ(s) , given that θ(r) = xr and θ(s+1) = xs+1 , is the same as
the joint unconditional distribution of s − r order statistics corresponding to an i.i.d. sample of size s − r
from the uniform distribution on the interval [xr , xs+1 ].”
The following algorithm is now proposed to estimate the off-pulse interval of a source function originating
from a pulsar. This suggested procedure is implemented in the package called SOPIE (Sequential Off-Pulse
Interval Estimation), developed for the statistical software, R (R Core Team, 2014).
1. Calculate the point where the circular kernel density estimator fˆn,h (θ) (see, e.g., Jammalamadaka &
SenGupta (2001, p. 282) and Hall, Watson & Cabrera (1987)) attains its global minimum value:
x1 := arg min fˆn,h (θ).
θ

Also, determine the next m local minimum points, i.e. for i = 2, 3, . . . , m, let
xi := arg

min

θ ∈{x
/ 1 ,...,xi−1 }

fˆn,h (θ).

2. For each of the selected minima points x1 , x2 , . . . , xm , find the nearest ordered observation to this point:
Let

ki := arg min |θ(j) − xi |,
1≤j≤n

i = 1, 2, . . . , m ,

then the nearest observation to xi will be θ(ki ) , i = 1, 2, . . . , m.
3. Duplicate the initial ordered observations between 0 and 1 to the left of 0 and to the right of 1. That
is, define
• θ(−n+i) = θ(i) − 1 for i = 1, 2, . . . , n.
• θ(n+i) = θ(i) + 1 for i = 1, 2, . . . , n.
The result is the ordered observation θ(−n+1) , θ(−n+2) , . . . , θ(0) , θ(1) , . . . , θ(n) , θ(n+1) , . . . , θ(2n) ∈ [−1; 2].
4. For some specified integer g, define
ng := b

n−1
n−1
c and ρg :=
.
g
g

Evaluate ρg to determine whether it is an integer or not.
• If ρg is integer-valued, firstly consider k1 (corresponding to x1 ) and define for each ` = 1, 2, . . . , ng
the following set of observations:
χ` := {θ(k1 ) , θ(k1 +1) , . . . , θ(k1 +`g) , θ(k1 +`g+1) }.
• If ρg is not an integer, (
consider k1 (corresponding to x1 ) and define
χ` ,
` = 1, 2, . . . , ng ,
χ0` :=
{θ(k1 ) , θ(k1 +1) , θ(k1 +2) , . . . , θ(k1 +n) }, ` = ng + 1 .
5. Let Tn (χ` ) (or Tn (χ0` )) be a given test statistic to test uniformity based on the observations in the
set χ` (or χ0` ), when ρg is an integer (or not). Denote by P` the corresponding P -value. Calculate P`
sequentially for ` = 1, ..., N, where N is a stopping time defined by
N := the smallest integer j, with 1 ≤ j ≤ ng − r + 1 for which

max

P` ≤ α ,

max

P` ≤ α ,

j≤`≤j+r−1

if ρg is an integer, or
N := the smallest integer j, with 1 ≤ j ≤ ng − r + 2 for which

j≤`≤j+r−1

if ρg is not an integer. Note that it is possible that N does not exist.
Here α is the so-called significance level which is usually taken as α = 1%, 5% or 10% in the statistical
literature when hypothesis testing is conducted. Furthermore, r is an integer representing an applicable
tuning parameter.

6. The right endpoint (boundary) of the unknown off-pulse interval I = [a, b] is then estimated (when
using x1 ) by

θ
,
if N exists and k1 + N g + 1 ≤ n,

 (k1 +N g+1)
θ(k1 +N g−n+1) , if N exists and k1 + N g + 1 > n ,
b̂1 :=
(1)


θ(k1 ) ,
if N does not exist.
7. Repeat steps 4 - 6 for x2 , x3 , . . . , xm to obtain b̂2 , b̂3 , . . . , b̂m .
8. The final estimate of the right endpoint (boundary) of the unknown off-pulse interval I = [a, b] is then
given by
m
1 X
b̂j .
b̂ :=
m j=1
The procedure to estimate a in I = [a, b], is similar to the procedure to estimate b, except for some slight
modifications (see Schutte (2014)).
4. Application to simulated data sets
The von Mises distribution is a class of probability density functions that can be considered when evaluating
the performance of the proposed technique by a simulation study. Other classes of probability density
functions were also used, such as the triangular distribution. An extensive simulation study was conducted to
evaluate the performance of the technique on several classes of distributions with different data set parameters.
Schutte (2014) found that the technique provides an objective and accurate estimation of the off-pulse interval
for simulated data based on comparisons of the bias and the mean squared error (MSE). Here, the results
of only a single Monte Carlo simulation will be reported based on the Von Mises distribution with off-pulse
interval [a, b] = [0.3, 0.7]. The Monte Carlo simulation consisted of 1000 independent trails for a sample size
of n = 5000. The standard errors of all the averages of the Monte Carlo estimates of the bias and MSE were
found to be negligibly small and are therefore omitted from the tables. Table 1 and Table 2 present some of
the results obtained from this specific Monte Carlo simulation, for specific choices of the arguments of the
procedure.

Table 1: Monte Carlo estimates of bias for different goodness-of-fit tests.
Anderson-Darling
g=6
g=10
g=20
g=25

â
0.02
0.02
0.02
0.02

b̂
-0.02
-0.02
-0.02
-0.02

Cramér-von-Mises
â
0.03
0.03
0.04
0.04

b̂
-0.03
-0.03
-0.04
-0.04

Kolmogorov-Smirnov
â
0.02
0.02
0.02
0.02

b̂
-0.03
-0.02
-0.02
-0.02

Rayleigh
â
0.02
0.02
0.03
0.03

b̂
-0.02
-0.02
-0.03
-0.03

Table 2: Monte Carlo estimates of MSE for different goodness-of-fit tests.
Anderson-Darling
g=6
g=10
g=20
g=25

â
0.01
0.01
0.00
0.00

b̂
0.02
0.01
0.01
0.00

Cramér-von-Mises
â
0.00
0.00
0.00
0.00

b̂
0.00
0.00
0.00
0.00

Kolmogorov-Smirnov
â
0.01
0.01
0.00
0.00

b̂
0.02
0.01
0.00
0.00

Rayleigh
â
0.01
0.00
0.00
0.00

b̂
0.01
0.00
0.00
0.00

5. Application to real data sets
The discussion in the previous section dealt with some results from a simulation study that was performed
to establish the accuracy and consistency of the technique to estimate the off-pulse interval of an unknown

source function. However, this research originated from an astrophysical context. Therefore, the proposed
technique should be applied to pulsar data in order to assess the performance thereof. For example, consider
the γ-ray light curve of the PSR J1709-4429 pulsar. Data from this pulsar consist of n = 21153 times of
arrival (TOA). Abdo et al. (2010e) reports an off-pulse interval for this pulsar as [0.66, 0.14] by using the
subjective “eye-ball”technique, where as our objective estimation technique yields an estimated off-pulse interval of [â, b̂] = [0.64, 0.15].
6. Conclusion
The aim of this note is to introduce the reader to a computer package that contains an implementation of
a procedure to estimate the off-pulse interval of a pulsar light curve nonparametrically. The essence of the
procedure was given, and the performance of the technique was evaluated using both a simulation study and
a real pulsar example. It was found that the technique provides an objective and satisfactory estimator for
the off-pulse interval of a pulsar light curve.
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