Imputation of multivariate continuous data with nonignorable missingness
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Abstract
Regular imputation methods have been used to deal with nonresponse in several types of survey data. However, in some of these studies, the assumption of missing at random is not valid since the probability of
missing depends on the response variable. We propose an imputation method for multivariate data sets
when there is nonignorable missingness. We fit a truncated Dirichlet process mixture of multivariate normals
to the observed data under a Bayesian framework to provide flexibility. With the posterior samples from
the mixture model, an analyst can alter the estimated distribution to obtain imputed data under different
scenarios. To facilitate that, we developed an R application that allows the user to alter the values of the
mixture parameters and visualize the imputation results automatically. We demonstrate this process of sensitivity analysis with an application to the Colombian Annual Manufacturing Survey.
Keywords: missing data; missing not at random; ignorability; mixture model.
1. Introduction
Missing data are common in nearly every field, arising for example from dropout in longitudinal studies, from
study subjects’ refusal to answer questions, and from failure to record values. As is well known, using only
the cases with complete data for analysis can be inadequate. At best, it results in inefficiencies by sacrificing
partially observed information, and at worst it results in bias when the reason for nonresponse is related to the
outcome of interest. Thus, many researchers use alternatives to complete case analysis, including likelihood
based and Bayesian methods (Little and Rubin, 1987; Rubin, 1976) and multiple imputation (Rubin, 1987).
For overviews of methods for analyzing incomplete data, see for example Schafer (1997), Schafer and Graham
(2002), Reiter and Raghunathan (2007), Daniels and Hogan (2008), and Graham (2012). We propose a
method for multiple imputation of multivariate continuous data when there is nonignorable missingness.
Most of the methods for multiple imputation are developed under the assumption of missing at random
(MAR), which means that the distribution of missingness does not depend on the missing data (Rubin,
1976). In many sample surveys and observational studies, the ignorability assumption is invalid, so that
standard methods for multiple imputation can produce unreliable estimates. For that reason, it is useful and
important to develop methods for missing not at random (MNAR) data (Greenlees et al., 1982; Diggle and
Kenward, 1994).
We use a pattern mixture model approach (Little and Rubin, 1987; Little, 1995; Daniels and Hogan, 2008),
that is, we assume that the respondents and nonrespondents have different distributions. This requires
specifying the conditional distribution of the response variables given the missing data indicator. Since
this distribution includes sensitivity parameters that depend on missing observations, the analyst needs to
make identifying restrictions and assumptions about the missing data distribution (Little, 1993). Thus, it is
important to compare inferences based on different prior specifications via sensitivity analysis (Daniels and
Hogan, 2000, 2008).
We propose a method for handling nonignorable missingness when making multiple imputation of multivariate continuous data. To capture distributional features that this type of data may have, we use a mixture of
multivariate normal distributions and a truncated Dirichlet process prior distribution. We fit the model to
the set of observed data, resulting in an estimate of the respondents’ distribution. When the data are missing
not at random, we need a different distribution for the nonrespondents, following a pattern mixture model
approach. To propose distributions for the nonrespondents, we alter the probabilities of the mixture components, keeping fixed the location and scale parameters. We inflate cluster probabilities to generate more

For the hyperparameters, we also follow the discussion in Kim et al. (2014). We specify vague priors for the
Gamma distributions with aφ = bφ = 0.25 to allow substantial prior mass at modest sized variances. We set
µ0 = 0, since the variables are standardized, f = p+1 to ensure a proper posterior distribution, and h = 1 for
convenience. We also specify vague priors for α by setting aα = bα = 0.25. The stick-breaking representation
in (5), with small values of α, encourages allocating the probabilities to the first few components, avoids
overfitting and increases computational efficiency. The choice of K depends on the dimensions of the data.
We recommend starting with a large value, for example K = 30, and readjusting depending on the posterior
results. With the conjugate prior specification, we can obtain posterior samples using a Gibbs sampler
algorithm (Ishwaran and James, 2001).
The posterior samples of the parameters (π (t) , µ(t) , (t) ) from the model in (1)–(2) can provide a good
estimate of the distribution of the observed part of the data, that is f (yi |ri = 0, θ). Under a missing at random
assumption, imputed data could be easily generated with the posterior predictive distribution. However, since
we are dealing with observations that are missing not at random, we need to alter the estimated distribution
to reflect the differences that are believed to affect the distribution of the nonrespondents, f (yi |ri = 1, θ).
The distribution of the respondents can be altered by changing the mixture probabilities, locations or covariance structure from the estimated model. Changing the location and scale of the clusters require more prior
information from the specialist about where and how the nonrespondents should be located. The number
of parameters to specify also increases quickly depending on the dimension of the data and the number of
occupied components. On the other hand, specifying new probabilities for the components is a lower dimensional problem, especially with few occupied clusters, and perhaps more intuitive for the user, since it is
based on what has been observed. For these reasons, we suggest altering the distribution by changing the
probabilities. The new probabilities π ∗ determine which components the nonrespondents are more likely to
belong to, and specifies the new pattern for the imputed data. The closer the probabilities π ∗ remain to the
posterior samples of π, the closer the data are to MAR.
Since we need to identify the components to choose the new probabilities, we propose ranking the clusters
post-simulation based on their distance δ to the origin, i.e., δorig = µ0 µ, or to the minimum value with
δmin = (µ − ymin )0 (µ − ymin ), where ymin = (mini (y1 ), . . . , mini (yp )), with mini (yv ) = min(y1v , . . . , ynv ) for
all variables v = 1, . . . , p. Thus, if we want to impute more data with higher response values, we can inflate
the probabilities of the top ranked clusters, and the reverse if we want to generate more data with lower
response values.
We also summarize the posterior samples by choosing the MCMC iteration with largest posterior value
(Fraley and Raftery, 2007). For each iteration, we evaluate the posterior given the sampled values for the
parameters and the sample of the complete observed and imputed Y . Then, we select the iteration with
maximum posterior value (MAP) to summarize the samples. This is done to simplify the task of setting π ∗
to just one cluster allocation, since this allocation can change from iteration to iteration.
To facilitate the process of setting π ∗ , we developed the NIMC (Nonignorable missigness Imputation for
Multivariate Continuous data) tool. The NIMC is an R (R Core Team, 2013) application developed with the
shiny package (RStudio and Inc., 2014), where the probabilities can be altered by setting values on sliders
for each component. The sliders start with the estimated probabilities of π (t) for a given iteration t as default
values, and the user selects the factors to be applied to each probability. The slider values are renormed to
sum to one so the resulting mixture model is a proper density.
With new probabilities π ∗ , the imputation is done by generating data from the posterior predictive distributions using the samples of µ(t) and (t) . Let nmis denote the number of missing observations that will be
imputed. For i = 1, . . . , nmis , we sample
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where µ(t) and (t) are the posterior samples from the fitted model. Each time a new value of π ∗ is specified,
the NIMC application automatically generates synthetic data following this model. We demonstrate this on
the next section.

3. Application
We illustrate the imputation procedure with data from the Colombian Annual Manufacturing Survey in 1991.
The data comprise a total of 6609 plants and seven variables measured for each plant. The same data were
used in Kim et al. (2014). To ease visualization of the method, we focus on the results of the model with a
subset of three response variables: RVA (real value added), RMU (real material used in products) and CAP
(capital in real terms). To create a nonignorable missingness pattern, we simulate a missingness indicator
Ri ∼ Bern(θi ) where the probability of missing θi is determined as θi = logit−1 (β0 + β1 yi ) for i = 1, . . . , N
with β0 = −2.3 and β1 = 0.26. We specify θi to reproduce the pattern in which individuals with larger
quantities are more likely to not respond. The data are heavily skewed, so we use the log transformation to
visualize the variable relationships. The mixture model is fitted to a total of n = 5893 observed points. We
fit the model with σ = {0.1, 0.3, 0.5}, and based on the summary of the MAP iteration, we believe σ = 0.3
allows for more control for the imputation, while maintaining a moderate number of clusters.
After running the MCMC to estimate the cluster allocation, the results of the MAP iteration are shown on
the pairwise scatterplot of the three outcome variables in Figure 1. The figures are screenshots of the plot tab
of NIMC application, and they include the sliders for adjustment of the probabilities of the 13 fitted clusters.
The plots on the lower diagonal include the observed points in gray, and the imputed points in black. The
upper diagonal plots include the 95% quantile ellipses of the fitted clusters, shaded with color intensities
proportional to their probabilities. The plots in Figure 1(a) represent one realization of the imputation
assuming MAR, that is, with the estimated probabilities from the MCMC. The plots in Figure 1(b) represent
points imputed assuming MNAR with probabilities decreasing from the top cluster, to mimic the pattern
used to create the missing data.
The NIMC application also provides the option of seeing the plots on the raw scale, without the log transformation or the standardization. There is also a ‘Summary’ tab that includes summary statistics such as
marginal means, quantiles and correlations for the original data and the imputed data. On the ‘Data’ tab,
the user can download the complete imputed data and the scatterplots.
Together with the pairwise scatterplots, the summary statistics are the tools the analyst can use to perform
sensitivity analysis. Based on how these results change as new probabilities are set with the sliders, new
scenarios for the imputed values can be considered.
5. Conclusions
We present a flexible approach to perform multiple imputation for multivariate continuous data with nonignorable missingness. We estimate the observed data distribution with a Dirichlet process mixture of multivariate normals. This is able to approximate well many data patterns, and can be easily sampled from
with the conjugate prior specification. Moreover, the mixture model provides the user with the clustered
observations and a distribution easy to modify. Under this framework, any type of prior information about
the missing data can be incorporated into the model. For the scope of this paper, we considered only cases of
unit nonresponse, so that the method generates the entire vector of responses. In case of item nonresponse,
the missing variables can be generated within the MCMC by sampling from the conditional multivariate
normal distributions given the cluster label. This assumes the item nonresponse is missing at random. We
demonstrate this alternative in the next chapter.
Considering the missing not at random assumption imposes an extra level of difficulty, since the true complete
data distribution is never known. Because of this limitation, it is important that an imputation method can
be easily changed to reflect different hypothesis. Since our method is based on the distribution fitted to the
observed data, after obtaining the posterior samples and using the NIMC application, it is straightforward
to change the weights and generate new imputations. This is essential for a sensitivity analysis where the
possibilities are compared until the target pattern is achieved.
The method is built based on the characteristics of the observed data distribution. While this can facilitate
the imputation step, it can also limit the imputed data to the patterns that are already observed. For example,
by basing the new probabilities on the estimated values we can be underestimating the true parameters of
the complete data. Another limitation is when there is reason to believe that the nonrespondents should be
located in a different region than the respondents. In that case, our method can still be used by using this
strong belief to specify a new cluster.
The results presented here provide some guidance into the possible ways to generate imputed data and il-

(a) Assuming MAR with estimated probabilities

(b) Assuming MNAR with probabilities decreasing
from the top cluster

Figure 1: Screenshots of the NIMC application with the Colombia Data
lustrate how this can be done with some visual tools. This approach accommodates many scenarios while
maintaining the interpretability of the task of translating the analyst’s beliefs into the parameter space.
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