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Abstract
This paper proposes a new quantile-based generalized logistic distribution. This four-parameter
distribution is highly flexible with respect to distributional shape in that it explains extensive levels of
skewness and kurtosis through the inclusion of two shape parameters. The distribution is characterized
through its L-moments and an estimation algorithm is presented for estimating the distribution’s
parameters with method of L-moments estimation.
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1. Introduction
A quantile-based distribution is specified in terms of its quantile function, . This is because there
exist no closed-form expressions for its cumulative distribution function, , or its probability
density function, . Well-known examples of quantile-based distributions include Tukey’s lambda
distribution (Tukey, 1960), various types of generalized lambda distributions (Ramberg et al., 1979;
Freimer et al., 1988; van Staden, 2013) and the Davies distribution (Hankin and Lee, 2006).
In this paper the quantile function of the generalized logistic distribution (GLO), proposed by Hosking
(1986), is used as the building block to create the quantile function of a quantile-based GLO,
henceforth denoted GLOQB. This new four-parameter distribution is defined in Section 2 and its
probabilistic properties are discussed. In Section 3 the GLOQB is characterized through its L-moments.
Section 4 presents an estimation algorithm using method of L-moments, which is then used in Section
5 to fit the GLOQB to a data set.
2. Definition and properties
Following Hosking (1986), the quantile function of the standard GLO is given by
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As shown by Gilchrist (2000), the distribution with quantile function 1   is the reflection of
the distribution with quantile function . Therefore, the quantile function of the reflected standard
GLO is




The properties of the GLO were studied by Hosking (1986). Specifically he presented expressions for
the L-moments and the conventional moments of the GLO, where the expressions of the L-moments
are considerably simpler than those of the conventional moments.
Definition 1. Let X be a real-valued random variable. X is said to have a quantile-based generalized
logistic distribution, denoted X ~ GLOQB ,  ,  ,  , if it has the quantile function
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where  and  are respectively location and scale parameters and  and  are shape parameters.

The probabilistic properties of the GLOQB are briefly discussed below.
•
•
•
•
•

The probability density curve of the GLOQB is J-shaped when  " 1 and  # 1 and also when
 # 1 and  " 1, while it is unimodal for all other combinations of values of  and  .
When     0, the GLOQB reduces to the logistic distribution.
The GLOQB is symmetric for   , positively skewed for  $  and negatively skewed for
 !  .
For all values of  and  , the GLOQB is leptokurtic (heavy-tailed).
The GLOQB has infinite support, ∞, ∞, for  # 0 and  # 0 as well as for  " 0 and
 " 0. When  ! 0 and  $ 0, the support of the GLOQB is ∞,      , while it

is   & 
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 , ∞ if  $ 0 and  ! 0. In effect, the GLOQB has half-infinite support

when the signs of the shape parameters differ.
The GLOQB with parameters  ,  ,  ,   is the reflection of the GLOQB with parameters
 ,  ,  ,   about the line    .
The GLOQB with parameters  ,  ,  ,   is the same as the GLOQB with parameters
 ,  ,  ,  .

3. L-moments
L-moments, defined by Hosking (1990), are expectations of linear combinations of order statistics.
The first order L-moment, ' , is the L-location, while ' is the L-scale. The rth order L-moment ratio is
given by ()  **+, with ( and ( the L-skewness and L-kurtosis ratios respectively.


Theorem 1. If X ~ GLOQB ,  ,  ,   with 1 !  ! 1 and 1 !  ! 1, then
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where Csc0∙1 is the cosec function.
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4. Method of L-moments estimation
Given an ordered data set of sample size n,  := # := #…# =:= , method of L-moments estimates,
2> , > , > , > 3, for the four parameters of the GLOQB can be obtained using the following estimation
algorithm:
Step 1: Calculate the first four sample L-moments using
@ 
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for A  1,2,3,4 (Hosking, 1990) and then the sample L-skewness and L-kurtosis ratios, R  ℓℓ and

R  ℓℓ . Verify whether the values of R and R lie within the ( , (  space of the GLOQB. If so,

proceed with Step 2. If not, the GLOQB cannot be fitted to the data.
Step 2: Since both the L-skewness and the L-kurtosis ratios of the GLOQB are functions of both shape
parameters, utilize a numerical optimization method such as the FindRoot function in Mathematica
10.0 (Wolfram, 2014) to simultaneously obtain solutions for > and > using Eqs. (6) and (7).

Step 3: Solve for > using Eq. (5) and then for > using Eq. (4).
5. Example
Fig. 1(a) shows a histogram for the concentrations of polychlorinated biphenyl (PCB) in the yolk
lipids of pelican eggs, used in Thas (2010) as an example data set with respect to goodness-of-fit
testing. For this data set of @  65 observations, the values of the sample L-location, L-scale, Lskewness ratio and L-kurtosis ratio are ℓ  210 , ℓ  39.793 , R  0.104 and R  0.213
respectively. The method of L-moments estimates for the fitted GLOQB are > 203.598, > 0.055,
> 0.301 and > 0.12. The probability density curve of the fitted GLOQB, plotted in Fig. 1(a), as
well as the Q-Q plot in Fig. 1(b) indicate that the GLOQB provides an adequate fit to the data set.

Fig. 1. A histogram of the PCB concentrations of polychlorinated biphenyl (PCB) in the yolk lipids
of pelican eggs together with the probability density curve of the fitted GLOQB and the
corresponding Q-Q plot.
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