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LTCI UMR Telecom ParisTech/CNRS, Paris, France - stephan.clemencon@gmail.com

Abstract

This paper is devoted to tail index estimation in the context of survey data. Assuming that the population of
interest is described by a heavy-tailed statistical model, we prove that the survey scheme plays a crucial role
in the design of consistent inference methods for extremes. Focus is here on the celebrated Hill method for
tail index estimation; it is shown how to modify it in order to take into account the survey design. Precisely,
under specific conditions on the inclusion probabilities of first and second orders, we establish the consistency
of the variant of the Hill estimator we propose. Additionally, its asymptotic normality is proved for specific
sampling schemes (Poisson and Rejective sampling or sampling plans close to rejective. Applications are
thoroughly discussed and illustrated by numerical results.

Keywords: Survey sampling, tail index estimation, Hill estimator, Poisson survey scheme, rejective sam-
pling.

1. Introduction It is the main purpose of this paper to study the impact of a survey sampling scheme on
tail index estimation. Indeed, in many situations, statisticians have at their disposal not only data but also
weights arising from some survey sampling stratification. These weights correspond either to true inclusion
probabilities, as is often the case for institutional data, or to some calibrated or post-stratification weights
(minimizing some discrepancy with the inclusion probabilities subject to some margin constraints). In most
cases, the survey design is ignored, the statistics thus computed possibly exhibiting then a significant sampling
bias. When considering statistics of extremes in particular, this may cause severe drawbacks and completely
jeopardize the estimation, as can be revealed by simulation experiments.
Our goal is here to show how to incorporate the survey scheme into extreme value statistical techniques, in
order to guarantee their asymptotic validity. Our approach is illustrated through the tail index estimation
problem in the context of heavy-tailed survey data. We propose a specific modification of the Hill estimator,
accounting for the survey plan by means of which data have been collected, and establish its consistency and
asymptotic normality under adequate assumptions on the probabilities of inclusion of first and second orders.

2. Hill estimator in survey sampling
Here and throughout, we consider a finite population of size N ≥ 1, UN := {1, . . . , N} say. We call a sample
of (possibly random) size n ≤ N , any subset s := {i1, . . . , in(s)} ∈ P(UN ) with cardinality n =: n(s) less that
N . A sampling scheme (design/plan) without replacement is determined by a probability distribution RN
on the set of all possible samples s ∈ P(UN ). For any i ∈ {1, . . . , N}, the following quantity, generally called
(first order) inclusion probability,

πi(RN ) := PRN
{i ∈ S},

is the probability that the unit i belongs to a random sample S drawn from distribution RN . In vectorial
form, we shall write π(RN ) := (π1(RN ), . . . , πN (RN )). First order inclusion probabilities are assumed to



be strictly positive in the subsequent analysis: ∀i ∈ {1, . . . , n}, πi(RN ) > 0. Additionally, the second order
inclusion probabilities are denoted by

πi,j(RN ) := PRN
{(i, j) ∈ S2},

for any i 6= j in {1, . . . , N}2. When no confusion is possible, we shall fail to mention the dependence in
RN when writing the first/second order probabilities of inclusion. The information related to the observed
sample S ⊂ {1, . . . , N} is encapsulated by the random vector (ε1, . . . , εN ), where

εi =

{
1 ifi ∈ S
0 otherwise.

The distribution of the sampling scheme ε has 1-d marginals that correspond to the Bernoulli distributions
B(πi), 1 ≤ i ≤ N , and covariance matrix given by

ΓN := {πi,j − πiπj}1≤i,j≤N .

Notice incidentally that, equipped with these notations, we have
∑N
i=1 εi = n(S).

The superpopulation model we consider here stipulates that :

Assumption H1 a real-valued random variable X with cdf F , supposed to be absolutely continuous, with
density f, observable on the population UN , i.e. X1, . . . , XN are iid realizations drawn from f .

In practice, it is customary to determine the first order inclusion probabilities as a function of an auxiliary
variable, which is observed on the entire population. Here, it is denoted by W. Hence, for all i ∈ {1, . . . , N}
we can write πi = π(Wi) for some link function π(.). In the following we will assume that
Assumption H2 : The random vectors W1, . . . ,WN are iid with continuous distribution PW onW ⊂ Rd, cdf
FW and density fW. The joint distribution of the entailed iid sequence {(Xi,Wi), 1 ≤ i ≤ N} is denoted by
PX,W with corresponding cdf FX,W Moreover we assume that the joint cdf FX,W is absolutely continuous
with Lebesgue-integrable density fX,W such that for all (x,w) ∈ (0,+∞]×W,

fX,W(x,w) := c (F (x), FW (w)) f(x) fW(w),

for some copula density c : R?+ ×Rd → R.

We shall denote by X1,n ≤ . . . ≤ Xn,n the order statistics related to the survey sample (Xi1 , . . . , Xin),
where n = n(S) may be random. When unit j is such that Xj = Xi,N , the i-the largest observation in the
population, 1 ≤ i, j ≤ N , its inclusion indicator and probability are denoted by εi,N = εj and πi,N = πj
respectively. Similarly, we write πi,n := πj when Xi,n = Xj , 1 ≤ i, j ≤ n.

In a wide variety of situations, it is appropriate to assume that a statistical population is described by a
heavy-tailed probability distribution (the field of heavy-tail analysis is well depicted in [6]). A distribution
with Pareto-like right tail is any probability measure P on R with cdf F such that for all x ∈ R,

1− F (x) = F (x) = x−1/γ L(x),

where γ > 0 is the extreme value index (EVI) of distribution P and L(x) is a slowly varying function, i.e. a
function such that L(t x)/L(x)→ 1 as x→ +∞ for all t > 0. Notice that instead of the EVI, focus is often
on α := 1/γ, the tail index of the distribution P . Functions of the form introduced in eq:HSSRV are said to
be regularly varying with index −1/γ; the set of such functions is denoted by R−1/γ . Notice first that, under
the heavy-tail assumption above, we have:

γ = lim
x→∞

∫ +∞

x

F (u)

F (x)

du

u
,



The empirical estimator based on the Horvitz-Thompson estimator of this quantity is given by (based on the
k largest values in the sample)

Hπ
k,n. =

 k∑
j=1

1

πn−j+1,n

−1 k∑
i=1

1

πn−i+1,n
log

(
Xn−i+1,n

Xn−k,n

)

=

 K∑
j=1

εN−j+1,N

πN−j+1,N

−1 K∑
i=1

εN−i+1,N

πN−i+1,N
log

(
XN−i+1,N

XN−K,N

)
= Hπ

K,N

where K is the chosen number of largest observations in the population corresponding to k in the sample
(we may choose indiferrent K or k).

3. Asymptotic results Here we investigate the limit properties of the estimator Hπ
K,N as N and n si-

multaneously go to infinity, with n ≤ N . The following assumptions, related to the sample design, shall be
involved in the asymptotic analysis. In the following we will assume that
Assumption H3 There exist π? > 0 and N0 ∈ N∗ such that for all N ≥ N0 and i ∈ UN ,

π? < πi < 1− π?.

Assumption H4 There exists c < +∞ such that we have ∀N ≥ 1,

max
1≤i, j≤N

|πi,j − πiπj | ≤
c

n
.

We then have the following result

Theorem [Consistency] Let K = K(N) be a sequence of integers such that K → +∞ and K/N → 0 as
N,n→ +∞. Provided that Assumptions H1 −H4 hold then , in P -probability, we have

Hπ
K,N−→γ.

Whereas the consistency of the standard Hill estimator can be proved for any sequence K going to infinity
at a reasonable rate, asymptotic normality cannot be guaranteed at such a level of generality. Higher-order
regular variation properties of the heavy-tail model eq:HSSRV are required [2, 3]. More specifically, consider
the hypothesis below, referred to as the Von Mises condition [4].
Assumption H5 The regularly varying tail quantile function U ∈ Rγ with γ > 0 is such that there is a
real parameter ρ < 0, referred to as the second order parameter, and a positive or negative function A with

lim
x→+∞

A(x) = 0 such that for any t > 0, as x→∞, we have

1

A(x)

(
U(tx)

U(x)
− tγ

)
−→ tγ

tρ − 1

ρ
,

or equivalently
1

A
(

1

F (x)

) (F (t x)

F (x)
− t−1/γ

)
−→ t−1/γ

tρ/γ − 1

γ ρ
.

The Poisson survey sampling sheme The following result reveals that under the Poisson survey scheme,
when based on the K largest values among the whole population X1, . . . , XN , Hp

K,N converges at the same

rate (1/
√
K namely) to the same limit distribution as HK,N , up to a multiplicative term in the asymptotic

variance induced by the sampling scheme. Further details about the convergence of the classical Hill estimator



can be found e.g. in [2, Theorem 1] and [6, Section 9].
Theorem [Limit distribution in the Poisson survey case] Suppose that Assumptions H1 to H5 are satisfied.

In addition, assume that ∫
[0,1]d

c(1,v) dv <∞.

Then, for

σ2
p :=

∫
[0,1]d

1

p (F←W(v))
c(1,v) dv

and provided that K → +∞ as N → +∞ so that
√
KA(N/K) → λ for some constant λ ∈ R, we have the

convergence in distribution as N → +∞:

√
K
(
Hp
K,N − γ

)
⇒ N

(
λ

1− ρ
, γ2 σ2

p

)
.

Extension to conditional Poisson sampling plans

We will show how the result stated in the above theorem can be extended to an important class of survey
plans (with fixed sampling size), namely rejective sampling schemes. In opposition to what happens to the
Horvitz-Thompson mean, the asymptotic variance is the same and need not to be recentered as in [5]. For
clarity’s sake, we provide a brief description of the latter, refer to see [5] and [1] for further details.

Fix n ≤ N and consider a vector (πR1 , . . . , π
R
N ) of first order inclusion probability. The rejective sampling,

sometimes referred to as conditional Poisson sampling (CPS in short), exponential design without replace-
ment or maximum entropy design is the sampling plan RN which picks samples of fixed size n(S) = n in
order to maximize the entropy measure

H(RN ) = −
∑

{S⊂PN : #S=n}

RN (S) logRN (S)

subject to the constraint stipulating that its vector of first order inclusion probabilities coincides with
(πR1 , . . . , π

R
N ). It can be implemented in two steps, as follows.

(i) Draw a sample S with a Poisson sampling plan (without replacement), with properly chosen first order
inclusion probabilities (p1, . . . , pN ). The representation is called canonical if

∑
pi = n. In that case

relationship between pi and πR1 are established in [5].

(ii) If n(S) 6= n, then reject it and go back to step (i), otherwise stop.

The vector (p1, . . . , pN ) must be chosen in a way that the resulting first order inclusion probabilities coincide
with πR1 , . . . , π

R
N , by means of a dedicated optimization algorithm, see [?]. The corresponding probability

distribution is given by: ∀S ⊂ PN ,

RRN (S) =
RPN (S)I {#S = n}}∑
{S′⊂PN : #S′=n}R

P
N (S ′)

∝
∏
i∈S

pi
∏
i/∈S

(1− pi)× I {#S = n}}

Refer to [5] p. 1496 for more details on the p′is.

In addition, as shown in [5] (see p.1510 therein), the decomposition below holds uniformly, for all i ∈
{1, . . . , N}:

pi − πRi =

(
p̄N − pi
dN

+ o(1/dN )

)
pi(1− pi) = O(1/N).

This roughly means that the inclusion probabilities of the rejective sampling scheme are very close to those
of the underlying Poisson design from which it was built. Therefore, the main Theorem in the Poisson case



also holds when the sample is constructed with a rejective plan (because the rate of convergence is much
more smaller than N) as revealed by the detailed proof.

5. Conclusions Following in the footsteps of [5], the asymptotic normality of an Horvitz-Thompson type
of estimator of the tail index is investigated in particular survey sampling schemes (for survey designs which
are ”close” to the Poisson scheme). Extensions to other sampling plans are also possible by following our
approach. Based on this limit result, the issue of building Gaussian confidence intervals for the tail index
will be discussed during the talk.
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