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Abstract 

 

Missing values are frequently found in real data sets. In some instrument designs, for example, in 

measuring academic achievement, the item difficulty level increases. Therefore, it is common to get 

unfilled items at the end of the test.  The main purpose of this paper is to explore the effect of missing 

values percentages (10, 20 and 30%) in parameter estimation for a two parameter logistic Item Response 

Theory model, when the difficulty in the test is ascendant (from -2 to 2) and the discrimination parameter 

is set randomly. Moreover, we seek to determine the best way to treat those missing values using two 

imputation methods: treat them as incorrect answers and by mean substitution. Through a simulation 

study (n=1000, 45 items and 100 replications), we found that in both imputation methods, the difficulty 

parameter increases as the percentage of missingness increases. The pattern is not clear enough in the 

discrimination parameter for both imputation methods. Furthermore, if there are 20% of unfilled items, 

the best way to treat them is by mean substitution (due to a lower Root Mean Square Error and a lower 

bias); but, if this value increases to 30%, replacement by zero seems to be the best option. 
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Introduction 

 

Missing data are frequently found in many different kinds of data sets, for example, the health registry, 

social surveys, educational assessments or psychometrical evaluations.  According to previous studies, 

there are several reasons why incomplete information is generated. On the one hand, it may occur 

because subjects do not answer one or more items, ignore the answer, have not enough time to finish it, 

skip it unintentionally, or are afraid to guess. On the other hand, it is possible to get non-responses due 

to a poor collection and data entry methods, or an intentional test design (Osborne, J. 2013; Finch, H. 

2008, DeMars, C. 2002). 

 

Many researches indicate that there are three types of missing data: missing at random (MAR), if the 

probability of missing depends only on the value of other variables (Magnani, M. 2004); missing 

completely at random (MCAR), when there is no systematic cause; and missing not at random (MNAR), 

if there is a relationship between the missingness in a specific variable and the variable itself (Finch, H. 

2009). In this study, we are focused on the last case.  

 

It is necessary to treat those missing values in order to conduct a proper analysis since standard methods 

are not applicable with unanswered items (Pimentel, J. 2005); and also, dealing with the specification 

of a full parametric model is an even more complex task (Schafer, J. and Graham, J. 2002). Because of 

this, choosing a correct method to handle them is essential.  

 

Pimentel J. (2005), mentioned common methods to deal with missing information: deleting those cases 

with at least one item unanswered, employing an imputation technique to replace them, ignoring them 

for the analysis (not the whole case but the specific unfilled item), and through modeling methods to 

incorporate missing data. 

 



    
 
Frequently, in educational tests (for example, knowledge, capability and skills test to measure academic 

achievement), the difficulty level of items increases. An example of this case is PISA evaluations 

(OECD, n.d). When a subject do not answer some questions, those items are usually treated as incorrect 

answers; in other words, examinees get zero score for each item unfilled. (Finch, H. 2008). 

 

However, Lord (1994) point out that omitted items cannot be treated as incorrect answers to estimate 

ability and item parameters when there is a time limit to complete the instrument. The reason is that this 

would lead us to a wrong interpretation about ability information.   

 

It is very important to highlight that time is an essential factor in this kind of tests.  That means that the 

ability of the subject to complete the questionnaire successfully is taken into account, but the subject’ 

speed as well. 

 

In this research, we want to study the effect of missing values on difficulty and discrimination 

parameters considering a pattern in which most difficult items are located at the end of the instrument. 

Then, we want to evaluate the consequences of replacing missing values using incorrect answers or 

mean substitution. However, it is necessary to assume that the examinee follows an order to complete 

the questionnaire items.  

 

To develop this study, we applied a two parameter logistic model (2PL). The advantage of choosing this 

model is to establish a non-linear relationship between latent traits and subjects abilities (López, J. 1995). 

The dichotomous 2PL is mathematically specified as: 

 

𝑃(𝑌𝑖𝑗 = 1|𝜃𝑖) =
1

1 + exp[−1.7 𝑎𝑗 (𝜃𝑖 − 𝑏𝑗)]
 

 

where 𝑃(𝑌𝑖𝑗 = 1|𝜃𝑖) is the probability that an examinee 𝑖 with an ability 𝜃𝑖 correctly answer an item 𝑗  , 

𝑎𝑗 indicates the item discrimination parameter, and 𝑏𝑗 is the item difficulty parameter.  

 

 

Methods 

 

The simulation study design includes a sample size of 1000, 45 items and 100 replications.  The 

percentage of missing values was fixed based on two studies. For example, Rubright, J., Nandakumar, 

R. & Glutting, J. (2014) in A Simulation Study of Missing Data with Multiple Missing X’s used three 

levels of unfilled data: 10, 25 and 50%. In a similar way, Holmes Finch (2008) in Estimation of Item 

Response Theory Parameters in the Presence of Missing Data used 5, 15 and 30% of missing values. 

 

To take into account studies already mentioned, we used the last 10 items (of 45) to replace the 10, 20 

and 30% with missing values, with the purpose of studying their impact in the parameter estimation 

(difficulty and discrimination).  

 

We decided to work with 100 replications because Finch H. (2008), Pimentel J. (2005) and Lopez J. 

(1995) have argued that 100 replications is an appropriate number to study the parameters behavior 

when there are missing values. Difficulty of items were set from -2 to 2, where this level increase each 

5 items (as is shown in table 1). The discrimination parameter was set randomly from a normal 

distribution with mean zero and standard deviation of 1.   

 

 

 

 



    
 

Table 1. Item Difficulty level  

Item Difficulty level 

1-5 -2 

6-10 -1.5 

11-15 -1 

16-20 -0.5 

21-25 0 

26-30 0.5 

31-35 1 

36-40 1.5 

41-45 2 

 

Later, those parameters were analyzed using two imputation methods through different percentages of 

missing values (already mentioned): treat them as incorrect answers (IN), because this is the common 

way to deal with them and replace them by mean (ME), as an alternative option.  

 

Finally, to assess the performance of each imputation method, we compared the average values for 

relative bias and for root mean square error (RMSE) across replications for each parameter estimation. 

The data generation, analysis and parameter estimation were carried out in R, version 3.1.2 (R Core 

Team, 2014). 

 

 

Results 

 

Missing value replaced by zero (incorrect answer)  

 

Table 2 shows parameters of difficulty and discrimination at different levels of missingness replaced by 

zero. It is possible to identify an increase in the difficulty parameter value from estimated value (without 

missingness) to the parameter with 10% of unfilled answers. The same increasing pattern occurs from 

the parameter with 10% of missing values to 20%, except for question 43 because this value decreases 

from 1.96 to 1.92, and in item 42, the parameter value stays the same.  In the case of the difficulty 

parameter by 30% of omitted responses, each value is higher than previous estimations. 

 

Table 2. Difficulty and discrimination parameter estimations by 10, 20 and 30% of missing 

values replaced as incorrect answers (IN) 

 

 Difficulty Parameter Discrimination Parameter 

Item      Estimated 
Missing value 

   Estimated 
Missing value 

10% 20% 30% 10% 20% 30% 

36 1.44 1.83 2.33 3.30 0.45 0.40 0.41 0.31 

37 1.43 1.55 1.62 1.73 2.50 2.32 2.28 2.11 

38 0.61 1.61 1.87 3.44 0.29 0.25 0.27 0.19 

39 1.53 2.18 2.26 3.97 0.39 0.34 0.42 0.26 

40 1.57 1.68 1.80 1.96 1.40 1.35 1.39 1.27 

41 2.54 3.43 3.50 5.85 0.15 0.16 0.19 0.14 

42 1.96 2.13 2.13 2.30 2.29 2.09 2.07 2.04 

43 1.79 1.96 1.92 2.14 1.94 1.76 1.92 1.70 

44 2.22 2.39 2.69 2.56 0.75 0.75 0.70 0.78 

45 2.08 2.42 2.45 2.48 0.91 0.83 0.84 0.90 

 



    
 
Moreover, there is not a clear pattern in the discrimination parameter in comparison with the difficulty 

parameter. Discrimination decreases from the estimated value to the parameter at 10% of incomplete 

items, but the relationship between parameters at 10% and 20% is not clear; we observe an increase in 

discrimination for some items but a decrease in others. Estimations with 30% of missing values are the 

lowest (except for item 44).  

 

 

Missing value replaced by mean (ME) 

 

Regarding the difficulty parameter (table 3), there is a very clear ascending pattern. Estimated values 

are the lowest ones, and difficulty increases as the percentage of missing value increases. The same as 

replacement by zero method, items 42 and 43 showed a different behavior. 

 

Additionally, not in every case discrimination decreases when the percentage of the missing value is 

ascendant. However, with 30% of unanswered items, discrimination is lower than the parameter estimate 

value (without missingness).  

 

 

Table 3. Difficulty and ability parameter estimations by 10, 20 and 30% of missing values 

replaced by mean (ME) 

 

 Difficulty Parameter Discrimination Parameter 

Item      Estimated 
Missing value 

   Estimated 
Missing value 

10% 20% 30% 10% 20% 30% 

36 1.44 1.94 2.12 2.37 0.45 0.39 0.44 0.43 

37 1.43 1.50 1.64 1.68 2.50 2.50 2.14 2.30 

38 0.61 1.25 1.67 3.76 0.29 0.27 0.28 0.18 

39 1.53 2.10 2.53 3.44 0.39 0.37 0.35 0.29 

40 1.57 1.74 1.69 1.86 1.40 1.32 1.45 1.32 

41 2.54 3.56 5.43 7.44 0.15 0.14 0.13 0.13 

42 1.96 2.10 2.10 2.09 2.29 2.15 2.26 2.17 

43 1.79 1.91 2.14 2.11 1.94 1.79 1.62 1.84 

44 2.22 2.34 2.56 3.26 0.75 0.75 0.72 0.64 

45 2.08 2.39 2.31 2.51 0.91 0.84 0.90 0.89 

 

 

 

Assessment of imputation methods 

 

We compared the average values for root mean square error (RMSE) and for relative bias across 

replications for each parameter estimation.  Figure 1 shows that we got the RMSE for both imputation 

methods at 10% of missing values. However, when this percentage increases to 20%, RMSE is large if 

we replace those values as incorrect answers, but this scenario changes if the quantity of unfilled items 

increase to 30%, where imputation by mean got the highest RMSE.  

 

 



    
 

 
 

As can be seen in figure 2, the bias average is almost the same at 10% of missing values, both in the IN 

replacement and in the ME replacement method. At 20% of missing values, we got a high relative bias 

for IN substitution; but, when the percentage increases to 30%, this bias level is the highest, although 

the difference is relatively small (0.34 for IN imputation and 0.35 for ME method). 

 

 

 
 

 

Conclusions 

 

Based on the results obtained by the 2PL model with 10, 20 and 30% of missing data, we found that in 

both imputation methods (replacement by zero and by mean), the difficulty parameter increases as the 

percentage of missingness increases.  

 

Furthermore, pattern is not clear enough in the discrimination parameter for both imputation methods. 

However, in almost every item, we found the lowest ability value when there is a bigger percentage 

(30%) of unfilled items.   

 

As expected, RMSE increases when the percentage of missing values increases. Nevertheless, we notice 

that in the case of substitution by zero, there is not a big difference between the RMSE at 20% of 

missingness and the RMSE at 30%. The opposite case is the imputation method by mean, because the 

RMSE increases substantially if there are 30% of unfilled items. Regarding relative bias assessment, 

both imputation methods showed a similar behavior.   
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Lord (1974) and Finch (2008) mentioned that, to treat missing values as incorrect answers is not an 

optimal method to estimate ability or difficulty parameter because it produces a higher bias than other 

imputation methods, and also, difficulty is usually overestimated. In spite of this, it is the usual method. 

In this study we found that, taken into account a test design where the difficulty of items increases, it is 

better to treat missing values by mean substitution if the percentage of unfilled items is around 20%, but 

when this percentage increases (to 30%), this method is not the best option since RMSE and bias 

increases, therefore is better treat them as incorrect answers. 
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