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Abstract 
A longevity risk is any potential risk attached to the increasing life expectancy of pensioners and 
policy holders, which can eventually translate in higher than expected pay-out-ratios for many pension 
funds and insurance companies. One important risk to individuals who are spending down savings, is 
that they will live longer than expected and thus exhaust their savings, dying in poverty or burdening 
relatives. The main aim of this paper is to point out the view of many random aspects of the problem. 
We use stochastic approach which is similar to the one applied in modern finance, quantile risk 
measures, namely the Value at Risk in modeling longevity risk. The calibrations are made for financial 
and longevity or mortality (equivalently) data from chosen central European countries.  
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1. Introduction 

Historically, unexpected improvements in mortality rates have led to large, unanticipated 
increases in life expectancy, with accompanying increases in the value of defined benefit pension 
liabilities (Trzpiot 2013, Trzpiot & Ojrzyńska 2014). As a result, longevity risk needs to be measured 
and managed alongside the financial risks facing these plans.  

In recent years, ageing populations have been recognized as one of the key threats to pension 
systems around the world. As people continue to live longer and as the proportion of retired to 
working people increases, both pay-as-you-go and funded pension systems will suffer. 

The impact of increased longevity is significant. People aged 65 in 2050 or later may expect to 
live to more than 90, while the generation before them, who turned 65 in 2010 or earlier, may expect 
to live to less than 85. As life expectancy increases, income from retirement savings will have to be 
paid out over more years, which means that retirees will receive less money per year for the same 
amount of capital. Whether the retiree purchases an annuity or draws down accumulated wealth, 
increasing longevity will increase the cost of retirement, assuming the age of retirement remains the 
same (Madsen and Tans, 2012). 

The paper is concentrated on one of the most important aspect that must be taken into account 
when constructing products burdened by longevity risk i.e. the sustainability of pensions. The purpose 
of the paper is presentation of mathematical background and calibrates it using demographic and 
financial data form Czech Republic, Austria, Hungary, Poland, Slovenia, Slovakia.  
 
2. Longevity risk  

One of the largest and least understood risks that insurance and reinsurance companies, pension 
plan sponsors, and the government are exposed to is longevity risk. By longevity risk we are referring 
to the risk that a population of interest will live longer on average than expected their mortality rate 
will be lower than expected (Coughlan et al., 2007). 
Longevity risk from the perspective of an insurance company or defined benefit plan sponsor is the 
exposure that a company has to unexpected decreases in mortality. This is the opposite of mortality 
risk, which is exposure to increases in mortality. Longevity risk from perspective of retirees is the 
amount of money an individual saves for retirement that might not be enough to sustain them, due to 
increased life expectancy. Improvements in longevity are bringing new issues and challenges at 
various levels: social, political, economic and regulatory. 



 	   	   	  
	  
Longevity risk affects: 
– governments who have to fund promises to retired  individuals through pensions and healthcare 

from a  shrinking tax base, 
– corporate sponsors who fund retirement and health  insurance obligations to former employees 

accrued  over many years, 
– individuals who may have reduced or no ability to  rely on governments or corporate sponsors to 

fund retirement.  

In the economic research if we are talking about the risks, identify this concept of choice, not the 
inevitable destiny. The risk is the result of uncertainty, and uncertainty is a source of risk. The 
uncertainty is defined as a state where they are not known future capabilities of the tested 
characteristics (quantitative or qualitative). Uncertainty are also referred to future changes, which are 
difficult to estimate, or it is not possible to estimate the probability distribution of future events. 
Unknown risk is defined as that which would be achieved in the future, when it is possible to 
determine the future situation or are known likelihood that individual events (Trzpiot G. 2008, 2011). 
Risk measurement and its reduction is possible if we well define the problem, when we look carefully 
for important determinants, especially in longevity risk (Trzpiot G. 2015a).  
The risk of longevity (life expectancy) is a potential risk associated with increasing life expectancy, 
retirees and other beneficiaries of insurance policies. This is a significant risk to those who use to date 
income and savings. This is a potential problem of quality of life, in the case of incomplete health and 
other limitations associated with age people living longer than average life expectancy. The average 
value of life expectancy increases, and even a slight change in the value of life expectancy 1 can cause 
serious problems of insolvency for pension schemes and insurance companies. This phenomenon 
comes to higher than expected payment of pension and retirement funds and the payment of insurance 
companies.2 The horizon of payments is also changes. Longevity risk is the risk that a pension fund or 
life insurance company could not previously taken into account in its operations (IMF, 2012). Hedging 
longevity risk is now an important element of risk management for many organizations.  The capital 
markets are developing as an alternative channel for longevity hedging as complementary to the 
insurance markets and provide additional capacity and potential for liquidity (Trzpiot 2015b). When 
we look close for financial market we have a question on systemic Risk. Longevity risk has a very 
long tail, in line with the human expectancy.  
 
2. Sustainability of pensions 

If a pension system is based on the fund principle then a questions we want to answer are: how 
much to “save” annually during the accumulation phase and how much to “spend” annually during the 
decumulation (annuity) phase.  

In view of many random aspects the best approach is similar to the one applied in modern 
finance, namely the Value at Risk, when one calculates the highest loss that can occur with a given 
probability (tolerance). In the pension context it must be modified to the probability that the retired 
person will not be “ruined” before the moment of death (such a probability is called the probability of 
sustainable pension) while its complement to 1 is the probability of ruin (or the probability of 
unsustainable pension). In the practice it is closely connected with the pension planning or pension 
risk management (Cipra, 2010). 

Let us consider so called defined contribution plan (DC pension plan) where the contributions to 
the system are defined in advance (frequently by a percentage of the participant’s salary). If a defined 
contribution pension plan is well designed, it will be a single, integrated financial product that delivers 
at reasonable cost to the plan member a pension that provides a high degree of retirement income 
security. This pension should provide an adequate replacement income for the remaining life of the 
plan member (and possibly also a partner) and should remove the risk that the member outlives his or 
her resources.  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
1 This is an unknown parameter of the random variable. 
2 Sales of life insurance companies as an additional financial current income.	  



 	   	   	  
	  
In the age of retirement (e.g. in 65) there is an accumulated capital w on the participant’s account 
which will be decumulated by corresponding annual pension payments. In particular, the investment 
risk is fully on the side of the participants of the pension plan (not on the side of the pension provider). 

The pension plan is stochastic, supposing that benefits follow a geometric Brownian motion. 
Randomness of interest rates for investment of the capital from the participant’s account is in the 
modern finance usually modeled by means of the geometric Brown motion (see e.g. Malliaris and 
Brock, 1982). Here the capital St in time t can be evaluated starting with the capital S0 (in time 0) as 

                                       St = S0 ⋅e
Bt (µ,σ ) = S0 ⋅e

µ⋅t+σ⋅Bt
                            (1) 

where Bt is the classical Wiener process, µ is the drift modeling the trend of the capital investment, σ 
is the volatility modeling the diffusion of the capital investment. In particular, St is log-normally 
distributed. 
The second aspect of random character of pension plan should be at least considered is randomness of 
the future lifetime of an individual aged. Randomness of the future lifetime Tx of an individual aged x 
can be modeled in the simplest case by the exponential law of mortality: 
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where λx is the force of mortality at age x (i.e. an infinitesimal version of the probability of death at the 
given age). The expected remaining lifetime (the life expectancy) at age x is 

                                            
ex = E(Tx ) =

1
λx                                             (3)

 

If we combine the models (1) and (2) we will obtain the present value PVx of the standard pension 
(which pay unit annual payments in continuous time) as random variable 
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Finally, we can write the probability of ruin (the probability of unsustainable pension) (see e.g. 
Dufresne, 1990; Milevsky, 1997; Milevsky, 2006) as follows 
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(w > 0 is the sum on the participant’s account at the age of retirement x) can be approximated as 
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3. Results for central European countries – simulation study 

Stochastic formulas presented in section 2 enable us to perform the corresponding calculations 
for pension plans in the Czech Republic, Austria, Hungary, Poland, Slovenia, Slovakia. We use 
financial and longevity or mortality (equivalently) data: 
1. Financial data: for the purpose of the investment formula (1) one could use the so called technical 

interest rate. 
2. Longevity data: we have used life tables (LT) for males and females in the Czech Republic, 

Austria, Hungary, Poland, Slovenia, Slovakia in 2012. From the expected remaining lifetime (the 
life expectancy) ex at particular ages x given in these LT one estimates according to the formula 
(3) very simply the parameters λx (Figures 1 and 2, Tables 1 and 2).  
 

 
 
 



 	   	   	  
	  

 
Figure 1. Life expectancy by age for MALE in 2012 (data from http://ec.europa.eu/eurostat/data) 
 
 

 
Figure 2. Life expectancy by age for FEMALE in 2012 (data from http://ec.europa.eu/eurostat/data) 
 
We have calculated, according to (5), the probability of ruin (i.e. the probability of unsustainable 
pension) for various retirement ages 60, 65, 70, 75, 80, 84 in dependence on the spending rates 1/w 
(e.g. the spending rate 0,06 means that the given pension account of 500 000 PLN will pay 30 000 
annually, i.e. 2 500 monthly). In Tables 1-3 we present results only for age 65. The calculations are 
performed separately for males and females and for various values of investment drifts and volatilities, 
namely µ = 1 % and σ = 5 % in Figure 3, µ =2.5% and σ =5% in Table 4, µ =5% and σ =10% in Table 
3 (the results of these tables are interpreted from the practical point of view in the end of this section). 
According to Cipra  (2010) strategy with µ = 1 % and σ = 5 % we call a conservative investment 
strategy, conservative investment strategy when µ = 1% and σ = 5%, the legislative investment 
strategy for µ = 2,5% and σ = 5 %.  
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y=65  ey λy Spending rate 1 / w 
0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09 0,1 

Czech Republic 15,7 0,06369 0,3 1,9 5,2 10,3 16,7 24,1 32,0 39,8 47,4 54,6 
Hungary 14,3 0,06993 0,2 1,4 4,2 8,5 14,0 20,5 27,5 34,7 41,9 48,8 
Austria 18,1 0,05525 0,4 2,5 7,0 13,6 21,7 30,5 39,5 48,2 56,2 63,5 
Poland 15,4 0,06494 0,2 1,7 4,9 9,8 16,1 23,3 31,0 38,7 46,3 53,4 

Slovenia 17,1 0,05848 0,3 2,2 6,2 12,2 19,6 27,8 36,4 44,8 52,7 59,9 
Slovakia 14,6 0,06849 0,2 1,5 4,4 8,8 14,8 21,2 28,4 35,8 43,1 50,0 

 
y=65  ey λy Spending rate 1 / w 

0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09 0,1 
Czech Republic 19,2 0,05208 0,4 2,8 7,9 15,2 24 33,4 42,8 51,8 59,9 67,1 

Hungary 18,1 0,05525 0,4 2,5 6,9 13,6 21,7 30 39,4 48,2 56,2 63,5 
Austria 21,3 0,04695 0,5 3,6 9,7 18,3 28,4 38,8 48,9 58,2 66,3 73,2 
Poland 19,9 0,05025 0,4 3,1 8,5 16,2 25,4 35,2 44,9 53,9 62,1 69,3 

Slovenia 21,1 0,04739 0,5 3,5 9,6 18,1 28 38,4 48,4 57,6 65,7 72,7 
Slovakia 18,5 0,05405 0,4 2,8 7,9 15,2 24 33,4 42,8 51,8 59,9 67,1 

Table 1. The probability of ruin for MALE (top) and FEMALE (bottom) (i.e. the probability of 
unsustainable pension in %) for various retirement ages and spending rates for µ = 1% and σ = 5 % 
 
 

y=65  ey λy Spending rate 1 / w 
0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09 0,1 

Czech Republic 15,7 0,06369 0,0 0,9 2,9 6,4 11,3 17,4 24,2 31,4 38,7 45,9 
Hungary 14,3 0,06993 0,0 0,7 2,4 5,4 9,6 14,8 20,8 27,3 34,0 41,3 
Austria 18,1 0,05525 0,1 1,2 3,8 8,4 14,5 21,9 29,9 38,2 46,3 54,0 
Poland 15,4 0,06494 0,0 0,8 2,8 6,2 11,0 16,8 23,4 30,5 37,7 44,8 

Slovenia 17,1 0,05848 0,1 1,0 3,4 7,6 13,2 20,0 27,6 35,4 43,2 50,7 
Slovakia 14,6 0,06849 0,0 0,7 2,5 5,6 9,9 15,3 31,5 28,2 35,0 41,9 

 
y=65  ey λy Spending rate 1 / w 

0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09 0,1 
Czech Republic 19,2 0,05208 0,2 1,3 4,3 9,3 16,1 24 32,6 41,3 49,6 57,4 

Hungary 18,1 0,05525 0,1 1,2 3,8 8,4 14,5 21,9 30 38,2 46,3 54 
Austria 21,3 0,04695 0,2 1,6 5,2 11,1 19 28 37,5 46,8 55,5 63,4 
Poland 19,9 0,05025 0,2 1,4 4,6 9,9 17 25,3 34,2 43,1 51,2 59,6 

Slovenia 21,1 0,04739 0,2 1,5 5,1 11 18,7 27,6 37 46,3 55 62,9 
Slovakia 18,5 0,05405 0,1 1,2 4 8,7 15,1 22,7 31 39,3 47,6 55,3 

Table 2. The probability of ruin for MALE (top) and FEMALE (bottom) (i.e. the probability of 
unsustainable pension in %) for various retirement ages and spending rates for µ = 2,25% and σ = 5 % 
 
 

y=65  ey λy Spending rate 1 / w 
0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09 0,1 

Czech Republic 15,7 0,06369 0,0 0,3 1,3 3,2 6,2 10,1 14,9 20,3 26,3 32,5 
Hungary 14,3 0,06993 0,0 0,3 1,1 2,8 5,3 8,8 12,9 17,8 23,2 28,9 
Austria 18,1 0,05525 0,0 0,4 1,6 4,0 7,6 12,4 18,2 24,6 31,4 38,4 
Poland 15,4 0,06494 0,0 0,3 1,3 3,1 6,0 9,8 14,5 19,9 25,7 31,8 

Slovenia 17,1 0,05848 0,0 0,4 1,5 3,7 7,0 11,4 16,8 22,9 29,4 36,0 
Slovakia 14,6 0,06849 0,0 0,3 1,2 2,9 5,5 9,0 13,4 18,4 23,9 29,7 

 
y=65  ey λy Spending rate 1 / w 

0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09 0,1 
Czech	  Republic 19,2 0,05208 0,0 0,5 1,8 4,4 8,3 13,5 19,7 26,5 33,7 40,9 

Hungary 18,1 0,05525 0,0 0,4 1,6 4,0 7,7 12,4 18,2 24,6 31,4 38,4 
Austria 21,3 0,04695 0,0 0,5 2,1 5,1 9,6 15,5 22,4 29,9 37,8 45,5 
Poland 19,9 0,05025 0,0 0,5 2,0 4,6 8,8 14,2 20,6 27,7 35,1 42,1 
Slovenia 21,1 0,04739 0,1 0,5 2,0 5,0 9,5 15,3 22,2 29,7 37,4 45,0 
Slovakia 18,5 0,05405 0,0 0,4 1,7 4,2 7,9 12,8 18,7 25,3 32,3 39,3 

Table 3. The probability of ruin for MALE (top) and FEMALE (bottom) (i.e. the probability of 
unsustainable pension in %) for various retirement ages and spending rates for µ = 4,5% and σ = 10% 
 
 



 	   	   	  
	  
So summarized the results provide very interesting conclusions as follows. Under a conservative 
investment strategy with parameters µ = 1% and σ = 5% a man from Poland with retirement age of 65 
and spending rate 0,06 (i.e. PLN 30 000 annually from a pension account of PLN 500 000) faces the 
unsustainable pension with probability 23,3%. For a female of the same age this probability is higher, 
namely 35%. In other words in the case of population of Poland each fifth male and each third female 
are ruined before death according to this scenario. For population of Austria, each third male and each 
fourth female are ruined before death according to this scenario. 
If the investment drift increases than the ruin probability decreases significantly, e.g. for µ = 5% and σ 
=10% the ruin probabilities for Hungary are only 8,8% for males and 12,4% for females i.e. only each 
tenth male and female are ruined. 
 
 
5. Conclusions 

We try to describe of a measures and modeling longevity risk using the stochastic financial 
approach. Three important aspects that must be taken into account when constructing products 
burdened by longevity risk: sustainability of pensions; the generation longevity; the gender longevity.  
The emergence of new instruments for hedging longevity risk means that a complete toolkit for 
managing these plans in a way that is sustainable over the long term. Decisions to hedge or eliminate 
longevity risk need to be made in a holistic framework. 
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