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Abstract

The determination of a link function considered to fit a non-normal mixed model is arbitrary, but what is the
influence of this choice? For beta regression model with random intercept it is unknown reported works in
the literature that have studied this influence. So, our purpose in this paper is to analyse, by means of simu-
lation studies, the quality of estimation of the parameters of the model and the performance of the empirical
best predictor by using the link functions: logit, complementary log-log and cauchit. Furthermore, analyses
for models with different link functions for newborn weights data were performed. The simulation studies
indicated that some of the link functions presented more favorable results for estimation than the others,
but there was no significant differences in accuracy of the predicted values. Similar results were observed
in the application. Thereby, the results of the studies conducted in this work elucidate about the necessary
attention at the choice of link function to fit a beta regression model with random intercept according to the
use purposes of this model.
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1. Introduction

The mixed beta regression models are extensively used to analyse data with hierarquical structure and that
take values in a restricted and known interval like rates, proportions, fractions and others. A specific case of
this model is the beta regression models with random intercept exposed in Usuga (2013), in which the beta
parametrization was given by Ferrari and Cribari-Neto (2004), and they can be written as:

g(µij) = ηij = xij
′β + αi, (1)

in which:

• i=1,...,q is the index of cluster;

• j=1,...,ni is the index of unit in each cluster;

• yij is the j th unit of ith cluster;

• yi = (yi1, ..., yini)
′ is a vector with the ni observations of ith cluster;

• Yij |αi are random variables conditionally independents with distribution Beta(µij , φ);

• α1, ..., αq are random variables i.i.d. N(0,γ2);

• xij = (1, xij1, ..., xijp)′ is a vector of covariates, which are assumed fixed and known;

• β = (β0, β1, ..., βp)′ is a vector of unknown regression coefficients;

• αi is the random intercept of ith cluster;

• g(.) is a strictly monotonic and twice differentiable link function.



The link function express the relation between the linear predictor η and the expected value µ. Regarding
Cribari-Neto and Zeileis (2009), it is enphasized that the appropriated link function selection can really
aggregate in the goodness of fit of beta regression models when the data show extreme proportions. For
models like (1) it is usually considered the link functions displayed at the Table (1).

Link function g(µ)

Logit log
(

µ
1−µ

)
Complementary log-log log(−log(1− µ))

Cauchit tan(π(µ− 0.5))
Probit Φ−1(µ)
Log-log −log(−log(µ))

Table 1: Usual link functions for the model (1).

In general, it is chosen the canonical link function (for this case it is the logit function); although McCullagh
and Nelder (1989) enphasizes that despite this link function provides interesting statistical properties to the
model, not always it represents the true relation of data, suggesting not to replace quality in order to be
convenient.
The link misspecification effect at quality of the parameters estimation in fixed effects regression models was
studied by some researchers like: Atkinson (1985), Andrade (2007), Cribari-Neto and Zeileis (2009), Pereira
and Cribari-Neto (2010), and others. For model (1) it is unknown reported works in the literature that have
studied the effects of the link function selection at behavior of estimates and predictions.

The empirical best predictor (EBP) for the model explored in this work (1) was developed in Zerbeto (2014)
and, with simulation studies, its efficiency was analysed when the canonical link function was used.

Among the interests of this work is to study the performance of this prediction method about the choice of
complementary log-log and cauchit links and, additionally, to compare this results with the performance for
the logit function.

Furthermore, at section 4 it was fitted the model (1) for newborn weights data approached by Zerbeto (2014)
and the predictions were calculated regarding diferents link functions.

Note that the simulation studies for the probit link function was not done, that is due to the logit and probit
functions being near linearly related in the interval [0.1, 0.9] and that’s why it is not trivial to discriminate
between the goodness of fit of this two functions (McCullagh and Nelder (1989)).

2. Simulations

At the simulation studies, the data were generated according model (1) considering different link functions
g(.), one covariate, true values of parameters β0 = 0.5, β1 = 1, φ = 3 and ni = 5 for all i = 1, 2, ...q. From
this database it was randomly selected one proportion (p) of the clusters to compose the fit database (FDB),
and it was used to calculate the estimates of parameters of model; the remaining of clusters were named
prediction database (PDB) and, it allows to evaluate the performance of EBP for data that were not used
to estimate the parameters of model. The values of q, p and γ vary according to the scenario displayed at
Table 2.



Simulation scenario q p γ

1 10 0.7 1
2 10 0.7 1.5
3 20 0.7 1
4 10 0.9 1

Table 2: Scenarios of simulation studies.

More details of the mechanisms of this study can be found at Zerbeto (2014).

The topics analysed were:

• quality of estimation of β0, β1 and φ using Square Root of the Mean Square Error (SRMSE) and
Relative Bias (RB) of estimates calculated through the package gamlss of software R and;

• performance of EBP of µij using SRMSE and RB of predicted values.

After fitting the mixed beta models with normal random intercept and link functions logit, complementary
log-log and cauchit the goodness of fit of this three models were compared using: Akaike Information Cri-
terion (AIC), existence of changes in inference model and, graphics of observed against predicted values.
Details of the choice of these criteria are explored by Cribari-Neto and Zeileis (2009).

2.1 Results
The results obtained about estimation of β0, β1 and φ are presented at Table 3 and they indicated that,
except for estimation of φ in the scenario 4, the link function complementary log-log is the one that has the
less SRMSE for estimation of the parameters, followed by logit and cauchit links.

Simulation SRMSE(β̂0) SRMSE(β̂1) SRMSE(φ̂)
scenario logit c-log-log cauchit logit c-log-log cauchit logit c-log-log cauchit

1 0.7251 0.4076 1.0866 0.9877 0.6402 1.9993 4.4152 4.0731 4.6635
2 0.8156 0.5027 1.1914 0.9310 0.7111 1.8262 4.5022 4.3350 4.7429
3 0.5358 0.3208 0.8579 0.7876 0.6204 2.2263 4.4868 4.1830 4.7978
4 0.6598 0.3755 1.0185 0.9485 0.6349 2.0994 4.4779 4.2322 4.1727

Table 3: SRMSE of estimates of the parameters β0, β1 and φ for logit, complementary log-log
(c-log-log) and cauchit models.

Tables 4 and 5 are shown SRMSE and RB of EBP of µij for FDB and PDB.

Simulation Logit Complementary log-log Cauchit
scenario FDB PDB FDB PDB FDB PDB

1 0.1979 0.2190 0.2138 0.2460 0.2072 0.2319
2 0.2568 0.2834 0.2788 0.3176 0.2546 0.2866
3 0.1983 0.2078 0.2173 0.2271 0.2103 0.2216
4 0.1987 0.2137 0.2154 0.2382 0.2093 0.2297

Table 4: SRMSE of EBP of µij for FDB and PDB.



Simulation Logit Complementary log-log Cauchit
scenario FDB PDB FDB PDB FDB PDB

1 0.0512 0 640 0.0205 0.0462 0.0615 0.0523
2 0.2794 0.3429 0.2686 0.4058 0.2071 0.2257
3 0.0542 0.0483 0.0348 0.0241 0.0674 0.0564
4 0.0525 0.0558 0.0270 0.0356 0.0627 0.0505

Table 5: RB of EBP of µij for FDB and PDB.

The results shown at Tables 4 and 5 indicate that, in general, there are no significant differences in the
behavior of EBP for the link functions considered.
In majority of the scenarios the logit was the link function with the lower SRMSE of EBP.
Comparing the behavior of EBP in the fit and prediction databases, it is possible to see that logit is also
the link function with better results in the sense of to have the lower percentage increase at SRMSE of PDB
compared to that observed in FDB.

3 Application: newborn weight data

The mixed beta model (1) with logit function was fitted in Zerbeto(2014) to analyse a real database in
which the dependent variable is the weight of newborn and the explanatory variables: amount of weight
gain (taxapeso) during pregnancy, abortion (aborto), sex of the baby (sexorn) and gestational age (igrn).
The clusters of this model were defined according to urinary tract infection status. By adjusting the same
final model selected considering the link functions complementary log-log and cauchit instead of logit were
obtained the results presented in the Tables 6 and 7, respectively.

Parameter Associated variable Estimate SE t value p-value

β0 - -11.6612 1.456 -8.011 < 0,001
β1 igrn 0.2984 0.036 8.228 < 0,001
β2 aborto -0.1105 0.074 -1.498 0.1378
β3 sexorn 0.0979 0.071 1.374 0.1730
β4 taxapeso 0.2821 0.189 1.490 0.1399
γ - 0.0785

Table 6: Estimates of parameters, standard errors, t values and p-values of full model using com-
plementary log-log link function.

Parameter Associated variable Estimate SE t value p-value

β0 - -17.0526 2.969 -5.743 < 0,001
β1 igrn 0.4505 0.075 6.015 < 0,001
β2 aborto -0.2811 0.158 -1.778 0,079
β3 sexorn 0.0747 0.152 0.492 0.624
β4 taxapeso 0.6327 0.395 1.604 0.112
γ - 0.0222

Table 7: Estimates of parameters, standard errors, t values and p-values of full model using cauchit
link function.



By modifying the link functions inferential changes occur: the p-values of the variables aborto and taxapeso
increase in the case of complementary log-log function, the estimate coefficient of variable sexorn (β̂3) and γ̂
have their values reduced to consider the cauchit function in comparison with the logit function.
Selected by AIC, the final fitted model for cauchit and complementary log-log functions are displayed, re-
spectively, at Tables 7 and 8.

Parameter Associated variable Estimate SE t value p-value

β0 - -11.4495 1.411 -8.114 < 0,001
β1 igrn 0.2952 0.036 8.285 < 0,001
β3 sexorn 0.0948 0.071 1.336 0.185
γ - 0.0779

Table 8: Estimates of parameters, standard errors, t values and p-values of final model using
complementary log-log link function.

The values of AIC of final fitted models for the link functions logit, complementary log-log and cauchit were,
respectively, equal to -125.3, -133.6 and -113.6 indicating that the cauchit model appeears to be the most
appropriate.

Figure 1 presents the values of EBP of mean (µij) calculated based on the estimates presented in the Tables
6 and 7, and it shows that the choice of link function does not influence the performance of this predictor.

Figure 1: Observed values and EBP of the variable newborn weight for each status of variable
occurrence of urinary tract infection in pregnancy.



Calculating the values of EBP of mean based on the estimates of final fitted models, the results were similar
to those shown in Figure 1.

4. Conclusions

The simulation studies indicate that there is interference of the choice of link function of the beta regression
models with random intercept normal at the accuracy of the estimates of the parameters, according to the
Square Root of the Mean Square Error and Relative Bias. However, when it established a model, this choice
does not affect the performance of EBP.
The newborns data analysis confirms these results, as there were differences between the fitted models for
each of the three link functions considered, but the predictions calculated by EBP were very similar.

References

Andrade, A.C.G. (2007). Efeitos da especificação incorreta da função de ligação no modelo de regressão beta.
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longitudinais. Doctoral dissertation, Instituto de Matemática e Estat́ıstica, Universidade de São Paulo, Brazil.
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