Non-uniformity test for directional data of Japanese active faults
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Abstract
We will derive the LM test statistic for the conditional von Mises distribution for detecting non-uniformity of line
segments spread on the two dimensional plane , which has relatively high performance even for small samples as the
extension of V-test to half circle. We illuminate the performance of this test by conducting simulation studies and also
apply to Japanese active faults.
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1. Introduction
In Japan, we have so many earthquakes including smaller ones. On occasion of the 2011 Tohoku earthquake and the
Great Hanshin earthquake, we had the great loss of human life in these disaster. The precise prediction of earthquakes
has been expected for many years, but it is very difficult to include the estimations of locations and magnitudes. In
the recent studies on the earthquakes, active faults are useful for estimating locations and magnitudes of earthquakes.
In this article we investigate the distribution of active faults focusing on angles of faults devising the new test statistic
with high performance even for small samples.
The research on active faults and earthquakes has been studied for a long time. Especially the investigation into
active faults and outbreak probabilistic model is also studied and discussed in Japan. The data of the active fault
database settled by National Institute of Advanced Industrial Science and Technology. The following table shows the
specifications of the active faults in Japan. We should explore the property of active faults for anti-disaster from the
statistical view-point.
2. Testing for directional uniformity
In the first place, we shall be aware of dangerousness of the active faults in the same directions, and we are interested
in testing uniformity of the directions of faults against the uniform directions. Mardia (1978) described the Rayleigh
test when mean direction is given based on von Mises distribution (Jammalamadaka, 2001; von Mises, 1918), whose
density function is expressed by the following:
f (θ; µ, κ) =

1
exp(κ cos(θ − µ)).
2πI0 (κ)

The score statistic is is obtained using the convenient parameter transformation,
T

ω = (κ cos µ, κ sin µ) .
Uniformity is corresponding to κ = 0, and the transformation gives rise to ω = 0, which can give us very simple score
statistics free from any evaluation of parameter estimation.
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= 2nR .

Figure 1: The active faults in Japan

Table 1: specifications of the active faults in Japan
Number of faults named
559
Number of the sum of elements by segment
3069
Total length [km]
10803
Another test is a just variant of the above test statistic, which is also known as Rayleigh test or V-test (Batschelet,
1981; Davis, 2002; Durand & Greenwood, 1957; Greenwood & Durand, 1955; Mardia, 1972; Mardia & Jupp, 2000;
Rayleigh, 1880; Rayleigh, 1905; Rayleigh, 1919; Stephens, 1969; Swan & Sandilands, 1995):
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The parameter µ included in the statistic S2 is replaced by the specified direction θ0 . In our study we replaced θ
parameter by theoretical mean value of uniform distribution on (0, 2π), E(θi ) = π. In our experiences S1 statistic
does not have good performance in that it does not assure that α-critical levels and high powers against alternatives
(small κ) especially for small samples. In this article we will propose the new test statistic based on the LM test
and investigate the behavior of this statistic and apply this test to active faults data in Japan. The normal von Mises
distribution is defined on (0, 2π), but our directions of active faults must be the distribution defined on (0, π). We
consider the following conditional distribution,

f (θi ; µ, κ)

=

1
exp(κ cos(θi − µ))
2πI0 (κ)
∫ π
.
1
exp(κ cos(θ − µ))dθ
0 2πI0 (κ)
(0 ≤ θ, µ < π, κ ≥ 0)

Tedious calculations of likelihoods give us the following new test statistic:
{
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Here we note that the theoretical mean value π/2 is preferable for µ̂ to test uniformity on (0, π).
3. Small sample behavior of the test statistics
We study the small sample behavior of the test statistics based on the random segment spread on the two-dimensional
space. The test statistic S3 is basically explain to the half angular space (0, π). For comparison of these statistics we
generate the uniform random numbers on (0, π), and we use the 2 × θi for S1 and S2 and θi for S3 , because the former
two statistics are ones designed for testing for the uniformity of (0, 2π). In our study we need just test statistic defined
on half circle (0, π). The Table 2 and Table 3 show that our proposed statistics conditioned on the half circle based on
the conditional distribution has moderately good performance. We can say that the performance of the test statistics
are as follows:
S1 ≺ S3 ≈ S2 .
However, as we conventionally use the test statistics S1 and S2 defined on full circle, and we must use the S3 from the
conditioned distribution.

Table 2: The nominal and the actual levels of significance (random sample size of n from von Mises distribution κ = 0)
n
1%
2.50%
5%
10%
proposal 0.007 0.017 0.036 0.098
2
3
2nR
0.000 0.000 0.001 0.106
V-test
0.000 0.013 0.049 0.111
proposal 0.007 0.020 0.046 0.100
2
5
2nR
0.001 0.015 0.043 0.095
V-test
0.006 0.021 0.046 0.101
proposal 0.009 0.023 0.049 0.100
2
10
2nR
0.007 0.021 0.046 0.099
V-test
0.008 0.0229 0.049 0.101
proposal 0.009 0.024 0.049 0.100
2
20
2nR
0.008 0.023 0.048 0.099
V-test
0.009 0.024 0.049 0.100
proposal 0.010 0.025 0.050 0.100
2
50
2nR
0.009 0.024 0.050 0.100
V-test
0.010 0.025 0.049 0.100
proposal 0.010 0.025 0.050 0.100
2
100
2nR
0.010 0.025 0.050 0.100
V-test
0.010 0.025 0.050 0.101

Table 3: The powers of the test (random sample size of n from von Mises distribution κ = 1)
n
1%
2.50%
5%
10%
proposal 0.000 0.000 0.034 0.244
2
3
2nR
0.000 0.000 0.001 0.220
V-test
0.000 0.054 0.171 0.310
proposal 0.002 0.089 0.225 0.388
2
5
2nR
0.009 0.086 0.187 0.321
V-test
0.072 0.173 0.281 0.424
proposal 0.179 0.337 0.484 0.640
2
10
2nR
0.155 0.282 0.410 0.560
V-test
0.259 0.408 0.539 0.676
proposal 0.553 0.710 0.813 0.896
2
20
2nR
0.490 0.640 0.751 0.848
V-test
0.628 0.759 0.845 0.913
proposal 0.976 0.990 0.996 0.999
2
50
2nR
0.964 0.984 0.993 0.997
V-test
0.985 0.994 0.998 0.999
proposal 0.999 0.999 0.999 1.000
2
100
2nR
0.999 0.999 0.999 1.000
V-test
0.999 0.999 1.000 1.000

4. The application to active faults data
As we mentioned in the previous section, the active faults in the same direction may be dangerous. We test the
uniformity of direction of line segments approximating the faults by picking up both ends of observed faults. The
Figure 2, Table 4 and Table 5 show the q = 1 − p-value. Thick color is corresponding to higher value of q. The high
q-values indicates possibilities of non-uniformity of directions of faults.
5. Discussions
We derived the LM test statistic for the conditional von Mises distribution which has relatively high performance even
for small samples as the extension of V-test to half circle, we could find the areas of non-uniformity of active faults.
Further investigations will be needed considering locations and length of the active faults.

Figure 2: The active faults in Japan

Table 4: The Prefectures whose q-value is larger
Prefecture q-value
Toyama
0.956
Osaka
0.836
Yamanashi 0.455
Fukuoka
0.359
Tokyo
0.351
Table 5: The Prefectures whose q-value is smaller
Prefecture q-value
Hokkaido <2e-16
Yamagata <2e-16
Akita
<2e-16
Oita
<2e-16
Nagasaki <2e-16
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