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Abstract
Sparse regression models, e.g., Lasso, SCAD, and elastic net, have become very popular. These methods
estimate model parameters by minimizing penalized or regularized objective function, where the penalty is
imposed to the L1 -norm of the parameters, and then simultaneously produce estimators of the parameter
and sparseness of variables, that is, variable selection. Hence, prediction accuracy and sparsity for these
methods depend on selection of the tuning parameters. Suitable choice of tuning parameters give a prediction
optimality and/or a consistency of selecting variables. Information criteria such as AIC and BIC are often
used to select the tuning parameters for gaussian sparse regression models. However, these criteria have been
derived for only maximum likelihood estimators, and are not appropriate for regularized estimators. For
non-MLE estimators, the generalized information criteria (GIC) given by Konishi and Kitagawa (1996) can
be used instead of AIC and BIC. GIC is a natural extension of AIC or TIC for non-MLE estimators with
diﬀerentiable functional form. In this study, we derive the exact GIC for some sparse regression models, and
verify its properties.
Keywords: Lasso; GIC.
1. Introduction
Recently, sparse regression models, or regression modeling with L1 norm regularization, e.g., Lasso, SCAD,
and Adaptive Lasso, have been used considerably in many fields of application, and also have had many theoretical results. These methods estimate model parameters by minimizing penalized or regularized objective
function, where the penalty is imposed to the L1 -norm of the parameters, and then simultaneously produce
estimators of the parameter and sparseness of variables, that is, variable selection.
The performance of these methods heavily depend on selection of the tuning parameter λ, which controls
model sparsity and prediction accuracy. Therefore it is essential to select the tuning parameter appropriately.
Cross-validation (CV) are often used due to advantages of its usefulness and useless of any probabilistic
assumptions. However, some literature indicates disadvantages of CV, e.g., high computational cost, high
variability and tendency to undersmooth (e.g., Araki et al., 2009). Although information criteria such as
AIC and BIC are also used, these are derived for the maximum likelihood estimate, and have no theoretical
justification for regularized estimators.
We propose to use the generalized information criteria GIC (Konishi and Kitagawa, 1996) for tuning
parameter selection. Matsui and Konishi (2011) and Park et al. (2012) use GIC for some variants of the
sparse regression models, where they consider the quadratic approximation of the L1 term. In this study, we
do not use any approximation of L1 term.
In Section 2 we define sparse regression models and state the tuning parameter selection problem. In
Section 3 we derive GIC for the sparse regression models and give some numerical results. Section 4 contains
a summary of this study and some discussion.
2. Sparse Regression Models and tuning parameter selection
Consider a linear regression model
y = Xβ + ε,
where y = (y1 , . . . , yn )T is a response vector, X = (x1 , . . . , xp ) is a matrix with explanatory variables in
its columns, β is a regression coeﬃcient vector, and ε = (ε1 , . . . , εn )T is an error vector having mean 0
and variance covariance matrix σ 2 In . Without loss of generality, the response variable is centered and the
explanatory variables have been standardized.

Sparse estimators β̂ is defined as
β̂ = argmin||y − Xβ||22 + P (|β|),
where P (|β|) is a penalty term, where the penalty is imposed to the L1 -norm of β, for instance, P (|β|) = λ|β|
for lasso. If the distribution of ε is a multivariate normal, then the sparse estimators can be written as the
penalized gaussian likelihood estimators with L1 -penalty.
There exists some theories of sparse estimators. Lasso is L2 -consistent and variable selection consistent,
whereas SCAD and adaptive lasso has the oracle property (Wang et al., 2007). Also, there exists some studies
about the choice of the tuning parameters. Meinshausen and Bühlmann (2006) and Leng et al. (2006) states
the conflict of prediction optimality and consistency of lasso. Wang et al. (2007) and Zhang et al. (2010)
discuss about SCAD, and conclude that BIC is consistent and Generalized cross-validation is not satisfactory.
Cross-validation (CV) are often used due to advantages of its usefulness and useless of any probabilistic
assumptions. However, some literature indicates disadvantages of CV, e.g., high computational cost, high
variability and tendency to undersmooth (e.g., Araki et al., 2009). Also, information criterion such as AIC
and BIC have been used practically to choose the tuning parameters for gaussian sparse regression models.
AIC for gaussian sparse regression model can be written as
AIC = −2

n
∑

log f (yi |θ̂) + 2(q + 2),

i=1

where θ̂ is a L1 regularized estimator of θ, and q is the degrees of freedom of the model which is given as
q=

n
∑
Cov(ŷi , yi )
i=1

σ2

.

On the other hand, BIC for the model can be written as
BIC = −2

n
∑

log f (yi |θ̂) + (q + 2) log n.

i=1

Zou et al. (2007) shows that the number of non zero variables is an unbiased estimator of q. Hirose et
al. (2013) gives an eﬃcient algorithm to calculate the degrees of freedom. We may use AIC and BIC by
estimating the degrees of freedom.
However, there is no theoretical justification of AIC and BIC for sparse estimators. AIC is derived from
Kullback-Leibler distance for maximum likelihood estimators, and BIC is derived from posterior probability
also for maximum likelihood estimators.
3. GIC
In order to overcome the problem of theoretical justification, we propose to use a generalized information
criteria GIC (Konishi and Kitagawa, 1996) instead of AIC and BIC. GIC is given by
{
n
2∑
∂ log f (yi |θ)
GIC = −2
log f (yi |θ̂) +
tr T (1) (yi ; Ĝ)
n i=1
∂θ T
i=1

}

n
∑

,
θ=T (Ĝ)

(
)T
(1)
(1)
where θ̂ = T (Ĝ) is any estimator of θ and T (1) (y; G) = T1 (y; G), . . . , Tp (y; G) is the influence functions
of a p-dimensional functional T (G).
For maximum likelihood estimators, GIC and AIC are equivalent, so GIC is a natural extension of AIC
for non-MLE.
GIC is not so common for tuning parameter selection, and only a few studies were done. Matsui and
Konishi (2011) considered local quadratic approximation of L1 term in SCAD for functional regression models.
Also, Park et al. (2012) considered the same approximation for Lasso-type estimators in robust regression
models. In this study we consider GIC with no approximation of L1 term.
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Figure 1: A comparison of GIC and AIC of a simulated data set when n = 200

By ignoring non-selected variables, we may calculate the bias correction term in GIC, and GIC can be
written as
n
{
}
∑
GIC = −2
log f (yi |θ̂) + 2tr R(ψ, Ĝ)−1 Q(ψ, Ĝ) ,
i=1

where
R(ψ, Ĝ) =

Q(ψ, Ĝ) =

1 
nσ̂ 2

1
T 2
σ̂ 2 X E X

1
nσ̂ 2

(

XT X
1 T
σ̂ 2 1 EX

− λsgn(β̂)X T E11T

T
− 1 2σ̂EX
2

+

1T E 3 X
2σ̂ 4

1
T
σ̂ 2 X E1
1
2σ̂ 2
T

− X2σ̂E1
+
2

)
,

X T E3 1
2σ̂ 4

+

1T E 4 1
4σ̂ 6

nλsgn(β̂)
2

−

−

λE 2 1
2σ̂ 2


,

n
4σ̂ 2

E = diag(y1 − xT1 β̂, . . . , yn − xTn β̂), 1 = (1, . . . , 1)T , and sgn(β̂) = (0, sgn(β̂1 ), . . . , sgn(β̂p ))T .
The diﬀerence between GIC and AIC is the bias correction term. AIC includes only the degrees of
freedom, whereas GIC includes the estimator of β and the error variance σ 2 . For the estimation of the error
variance, we may consider
1
σ̂λ2 = (y − X β̂λ )T (y − X β̂λ )
n
1
2
σ̂ML
= (y − X β̂ML )T (y − X β̂ML ),
n
or unbiased sample variance of each using the degrees of freedom of the model.
Figure 1 shows a toy example. We generate a dataset by the following settings: β = (3, 1.5, 0, 0, 2, 0, 0, 0)T ,
iid

iid

xj ∼ N (0, 1), Cor(xj , xk ) = 0.5|i−j| , ε ∼ N (0, 32 ), n = 200. In this case, GIC and AIC are almost the same
value, and give the same λ value. As n decreases, the diﬀerence betweenn GIC and AIC becomes large.
4. Conclusions
In this study, we propose to use GIC for tuning parameter selection in sparse regression models, which has
theoretical justification for sparse estimators. By some examples and simulations, we compare the diﬀerence
between GIC and AIC. Further study is needed for the variance estimate.
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