Risk-adjusted CUSUM chart to monitor lifetimes in presence of long-term survivors
Jocelânio W. Oliveira*
IME-USP, São Paulo, Brazil - jwesley@ime.usp.br
Dione M. Valença
DEST-UFRN, Natal, Brazil - dione@ccet.ufrn
Pledson G. Medeiros
DEST-UFRN, Natal, Brazil - dione@ccet.ufrn
Magaly Marçula
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Abstract
Monitoring schemes in medical context should consider risk adjustment (RA) to incorporate the specific risk
for each individual. Some authors propose the use of a risk-adjusted survival time CUSUM control chart
(RAST CUSUM) to monitor a time-to-event outcome, possibly right censored, using conventional survival
models, which do not contemplate the possibility of cure of some patients. We propose to extend this approach considering a risk-adjusted CUSUM chart based on a cure fraction model. We conducted a simulation
study to evaluate the performance of proposed chart (RACUF CUSUM) compared with RAST CUSUM,
based on optimal control limits in different situations. The proposed chart is applied to real data about the
lifetimes of patients with heart failure followed in a study conducted at the Heart Institute of the Faculty of
Medicine’s Hospital, University of São Paulo (Brazil). For this study the control chart detects an increase in
the (mean) survival of patients along time.
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1. Introduction
There are many applications of statistical process control for health-related monitoring, especially with the
use of control charts (Woodall, 2006). Examples include monitoring the performance of hospitals based on
variables such as infection rates, rates of patient falls, or time until an event of interest happens. According to
Gandy et al. (2010), the CUSUM (Cumulative Sum) chart is one of the main tools to monitor such situations,
where there is an interest in detecting small and persistent changes in quality. Several authors argue that,
unlike usual applications in industry, where individuals (equipment, products, goods, etc.) are considered as
homogeneous, monitoring schemes in medical context should consider adjustments to incorporate the specific
risk for each individual (risk adjustment). Thus, it is important to take into account, for example, sex,
age, health conditions or risk factors associated with each patient before undergoing surgery. Grigg and
Farewell (2004) provide an overview on the subject and describe several works that propose the use of the
risk-adjusted CUSUM (RA CUSUM ) control chart, mostly for monitoring binary outcomes. Steiner et al.
(2000, 2001) developed CUSUM methods for monitoring quality based on a binary variable, which essentially
indicates whether the surgical procedure was successful or not for a given individual. These authors propose
a monitoring scheme of surgical performance of patients (the chance of each individual survive more than 30
days), using a likelihood score based on a logistic regression model.
Sego et al. (2009) develop a RA CUSUM control chart to monitor a time-to-event outcome, possibly right
censored, using accelerated failure time models (Lawless, 2003). They call it RAST CUSUM (Risk adjusted
survival time CUSUM) and show that, when compared with the proposal of Steiner et al. (2000, 2001) in
different scenarios, this seems more efficient, since it provides a faster detection of increases in mortality
rates. The authors express the CUSUM score for the Weibull and log-logistic models. In this context, it

seems natural that monitoring schemes in medical procedures could consider the success of procedures as the
cure of the patients. However, the conventional survival models do not contemplate this possibility. In fact,
these models assume that the event (death due to the procedure) will actually occur for everybody, although
the time until this occurrence is not observable for some individuals (censoring). A natural extension should
be a survival model incorporating “cured” or “long-term survivors” individuals. Cure rate models have been
used for modeling survival data in which part of the population can never experience the event, and they
have been extensively studied in the literature.
In this paper we propose a risk-adjusted CUSUM chart based on a cure fraction model. We call this RACUF
CUSUM (Risk adjusted with cure fraction CUSUM) and we develop a simulation study to compare the
detection performance of the proposed chart when compared with the RAST CUSUM (Sego et al. (2009))
based on the average run length performance, in different scenarios.
2. Risk-adjusted CUSUM charts
Usual control charts have been widely used as a tool to check the stability of industrial processes (Montgomery,
2004). The CUSUM chart is characterized by evaluating the process as a whole, accumulating information
of all individuals, rather than using each observation alone.
The CUSUM proposed by Page (1954) was based on Wald sequential test and involve a sample weight assigned
to each observation. To define this weight, let i = 1, 2, . . . the index observations (patients) whose outcomes
will be monitored in chronological order of execution of the medical procedure. We assumed a probability
model for the outcome and consider L(ξ|Di ) a contribution to likelihood function of the i-th observation,
where ξ is a vector of parameters and Di represents the outcome and the characteristics of patient i. Patient
risk is taken into account by using a regression model. The model fitted to historical data under control
is used to predict ξ0 . As usual, we suppose that the model is appropriate and that the estimation error is
negligible. In the control state, it is expected that ξ0 is the true value of ξ.
The weight for CUSUM defined as log-likelihood ratio and denoted by Wi is given by:


L(ξ1 |Di )
= `(ξ1 |Di ) − `(ξ0 |Di ),
(1)
Wi = log
L(ξ0 |Di )
where ξ1 is the nominal value of parameter to out-of-control state and `(.) is the log-likelihood function.
The change of ξ = ξ0 (under control) to ξ = ξ1 (out-of-control) must be interpretable with respect to process
quality. The CUSUM procedure involves plotting
Zi

=

max(0, Zi−1 + Wi ),

i = 1, 2, . . . ,

(2)

where Z0 = 0. An alarm is raised when Zi > h, where h is a positive control limit. Note that, the more the
score Wi (1) is greater than zero, the more the CUSUM accumulates errors in the statistical Zi (2) which can
then exceeds the upper limit, indicating that the observed process is out-of-control. Besides, the CUSUM
procedure has a barrier at zero.
Sego et al. (2009) proposed a risk-adjusted CUSUM chart (RAST CUSUM ) to monitor a time-to-event
outcome, possibly right censored, using accelerated failure time models (AFT). Similarly, we propose a riskadjusted CUSUM chart (RACUF CUSUM ) based on cure fraction survival model to monitor lifetimes in
presence of long-term survivors. Below we describe this chart.
3. The RACUF CUSUM chart
Suppose that for an individual i in the population, we let Mi representing the number of causes or risk
factors competing for the occurrence of the event of interest, with probability function pθ (mi ) = Pθ (Mi =
mi ). Given Mi = mi , the random variables Ri1 , Ri2 , . . . , Rimi , are independent and identically distributed
(i.i.d.) representing (unobserved) times to occurrence of the event for the i-th individual due to j-th cause
(j = 1, . . . , Mi ), with common distribution function F (z|η) and survival function S(z|η) = 1−F (z|η) where η
is a vector of parameters. Let Ti be an observable random variable representing the time until the occurrence
of the event, defined as Ti = min{Ri0 , Ri1 , . . . , RiMi } where P (Ri0 = ∞) = 1. This assumption permits the

occurrence of an infinite lifetime for the immune individuals, because when Mi = 0 there are no causes or
risks for the occurrence of the event.
In particular, when each random variable Mi follows a Poisson distribution with parameter θi , the unified
model comes down to promotion time model (Yin and Ibrahim, 2005). The covariates can be included in the
model through some relation θ ≡ θ(x0i β), where β = (β1 , ..., βp )0 is the vector of regression coefficients. In
this case, covariables affect only the cure fraction. We consider this particular model to design the RACUF
CUSUM chart. We assume that when a process is in-control, the random variables Rij , with j = 1, . . . , Mi ,
and i = 1, . . . , n follow a Weibull or a log-logistic distribution, with shape parameter α and scale parameter
λ = λ0 . For out-of-control processes, we suppose that there is a change only in the scale parameter to
λ1 = ρ1 λ0 , with other parameters held fixed. We consider 0 < ρ1 < 1 (ρ1 > 1), that is, a reduction
(increasing) in the parameter λ to evaluate a reduction (increasing) in the lifetime median of individuals not
immune. From (1), the CUSUM score for the models is given by
Wi = `(φ1 ; Di ) − `(φ0 ; Di ),

(3)


0 0

where φl = β 0 , η l
for l = 0, 1, is a vector of parameters associated with the distribution of Rj , with
η 0 = (α, λ0 ) and η 1 = (α, λ1 ) representing the value of the monitored parameter for in-control and out-ofcontrol situation, respectively. Here, Di denotes the data for individual i.
Finally, the weight to obtain the Weibull RACUF CUSUM chart is
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Wi = δi −α log ρ1 +
λ0
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ρ1 λ0
and for the log-logistic RACUF CUSUM chart is
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4. Simulation study
An extensive simulation study was conducted to perform comparisons of RACUF CUSUM and RAST
CUSUM (Sego et al. (2009)) charts. The run length to detect a real change (RL1 ) is a common criterion used to assess a CUSUM chart’s performance (see, for example, Grigg and Farewell (2004)). The charts
were calibrated to have a fixed ARL0 (average run length before a false alarm) and we compare the ARL1
(average RL1 ) of the charts, where early detection of a change in the process is essential for performance of
chart. We consider samples generated with and without cure fraction and we investigate the effect on the
detection speed in using RAST CUSUM in data presenting cured individuals, as well as the effect of using
RACUF CUSUM when a cure fraction is not present in the data.
The survival times (Ti or Rij ) were generated under a Weibull and a log-logistic model, with the covariate
xi considered a scalar and drawn from a Bernoulli random variable with success probability 0.5 for the
i = 1, . . . , n. For data without cure fraction, the survival times Ti were generated as Weibull(α, λeγxi ) or
log-logistic(α, λeγxi ), with parameters α = 4, γ = −0.5 and λ = λ0 = 40 for in-control process and λ = ρ1 · 40
for out-of-control process. For cure fraction data, it was generated the latent Mi using a Poisson distribution
with mean θi = eβxi , representing the number of risk possibilities for the i-th individual, where different
cure fractions in the sample are obtained by changing the value of β. For the i-th non-cured individual
(Mi > 0), random samples from Rij ∼ W eibull(α, λ) and Rij ∼ log-logistic(α, λ) of size Mi were generated
with parameters α = 4 and λ = λ0 = 40 for in-control process and with parameters α = 4 and λ = ρ1 · 40 for
out-of-control process. The failure times are given by ti = min{Rij , j = 1, . . . , Mi }, i = 1, . . . , n.
Maximum likelihood estimates for parameter (in-control data) are obtained by using the R software (R
Development Core Team, 2011). Maximization to the promotion time model were obtained considering the
intrinsic function optim. For AFT models we use the survreg function in the survival package in R (R
Development Core Team, 2011).

As a result of simulation, we note that for data with cure fraction the ARL1 to RACUF CUSUM charts
presents always lower values than those obtained from RAST CUSUM charts and for data without cure
fraction the values of ARL1 to RAST and RACUF CUSUM charts are similar in every simulated scenario.
5. Aplication
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In a study conducted at the Heart Institute of the Faculty of Medicine’s Hospital, University of São Paulo
(Brazil), two cohorts of patients with heart failure treated at the General Outpatient Clinic were analyzed
(Alencar, Ferreira and Uemura, 2010). From January 29, 1991 to June 3, 2003, 1353 patients were evaluated
(cohort 1) and 2124 patients (cohort 2) were treated from July 2, 2003 to July 2, 2007. Besides, to find
prognostic variables from demographic, clinical and laboratory data obtained in the initial evaluation of
these patients, the objective was to compare the two cohorts.
Considering the Kaplan-Meier curve of the complete data for cohort 1 (Figure 1), we note the occurrence of
a about 20% of censoring at the end of the study in a reasonable follow-up time, which is an indication of
cure fraction in data (Maller and Zhou, 1996). When we fit a promotion time Weibull model to this data,
we find 17.33% as an estimative of general cure rate.
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Figure 1: Empirical survivor function (Kaplan-Meier) for cohort 1 of the data
We use RACUF CUSUM to monitor data (retrospectively) in order to investigate any change in survival
(mean) of patients over time, between the two cohorts. Then, we consider as historical data the lifetimes (in
years) of patients in the cohort 1 and monitor the lifetimes of the patients in the cohort 2. We assume the
promotion time Weibull model described above to model the lifetimes, considering risk adjustment, that is,
adjustments to incorporate the specific risk for each individual through the covariates selected in Alencar,
Ferreira and Uemura (2010). We evaluate the existence of reduction in survival (ρ1 = 0.9) or increase
(ρ1 = 1.1). The RACUF CUSUM chart did not signal a reduction in the mean survival time (Figure 1-a),
but clearly signals an increase in survival for patients treated at the beginning of cohort 2 (Figure 2-b). The
signal occurs for the patient 234 (RL1 ) of cohort 2, who had been followed since September 12, 2003 and was
censored at 4.88 years.
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Figure 2: Weibull RACUF CUSUM monitoring changes of intensities (a) ρ1 = 0.9 (b) ρ1 = 1.1.
5. Conclusions
We propose a risk-adjusted CUSUM chart based on cure fraction survival model to monitor lifetimes of
long-term survivors (RACUF CUSUM). A result obtained in a simulation study shows that, with respect of
ARL1 of the charts, the RACUF CUSUM performs much better than RAST CUSUM to monitor data with
cure fraction, and seems to be equivalent to monitor data without cure fraction. So we believe that if there
is any doubt on the existence of cured in the data, it is worth using the RACUF CUSUM to monitor survival
times. In the application, considering a control limit h = 5 and incorporating prognostic variables, we use
RACUF CUSUM chart which signaled an increasing in survival (mean) for cohort 2.
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