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Abstract
The Rosenblatt distribution is a one-parameter family arising from a non-central limit theorem for long-range
dependent random variables. The usual parametrization includes the normal distribution, the standardized
chi-squared distribution and weighted sums of chi-squared variates. Although its density has not a manageable analytical form, its moments, cumulants and distribution function have been recently numerically
obtained. We apply a Bayesian likelihood-free methodology to make inferences for that family, comparing
the performance of diverse statistics derived from the empirical distribution. The estimates obtained by our
methodology are remarkably precise.
Keywords: approximate Bayesian computation; Hellinger distance.
1. Introduction
The Rosenblatt distribution was first addressed as a non-trivial example of a non-Gaussian distribution
appearing as a limit of sums of dependent variates Rosenblatt (1961). That example is constructed considering
standard normal variates Yk (k = 1, 2, . . .), with covariance structure E(Y0 Yk ) ∼ k −D , as k → ∞, for some
0 < D < 1/2. Then, given the normalizing constant σ = {(1 − 2D)(1 − D)/2}1/2 , the sequence
ZD,n =

σ
n1−D

n
X

(Yk2 − 1)

(n = 1, 2, . . .)

k=1

converges to ZD having a non-normal distribution, named Rosenblatt distribution after Taqqu (1975). If we
let 0 ≤ D ≤ 1/2, that parametrization includes the standard normal distribution, defining Z1/2 as the limit
when D → 1/2, and a chi-squared distribution rescaled to have zero mean and unit variance, when D = 0.
This distribution is related to the Rosenblatt process, as the distribution of the process at time t = 1, whose
properties are well described in Taqqu (2011).
The distribution of ZD can be given in terms of its characteristic function
!
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or as a weighted sum of standardized chi-squared variates
ZD =

∞
X

λn (2n − 1),

(1)

n=1

P∞
where the n (n = 1, 2, . . .) are independent identically N(0,1) distributed, n=1 λkn = σ k ck
and
Z
k
Y
ck =
|xk − x1 |−D
|xj−1 − xj |−D dx .
x∈[0,1]k

(k = 2, 3, . . .),

j=2

The latter characterization provides an useful way to simulate random samples from ZD , utilized in Veillette,
M.S. & Taqqu, M.S. (2013) to derive numerical evaluations of the distribution function, cumulants and
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Figure 1: Plots of the (a) distribution function, and (b) density function of the Rosenblatt distribution for some values of D: 0·1 (solid), 0·2 (small dashes), 0·3 (dots, 0·4 (dot-dash), 0·45 (dashes)
moments. Figure 1 shows the plots of its density function and of its distribution function, for some values of
D.
In this work, we propose a Bayesian likelihood-free approach to obtain an approximate sample from the
posterior distribution for the parameter D, given an uniform prior knowledge on the interval (0, 0 · 5). As far
as we know, there is no alternative method to estimate such parameter.
The results are simulation based and show a very efficient performance of this methodology, based on the
approximate Bayesian computation developed in Grelaud et al. (2009). That algorithm strongly depends
on the choice of a suitable statistics, as better as more informative in some sense. Among the available
ones for our problem, we compare the estimates given by some discrepancies between distributions, namely,
Kolmogorov-Smirnov, Cramér-von Mises, Kullback-Leibler and Hellinger.
2. Approximating a posterior distribution
Let us briefly recall the context of an estimation problem to set notation. We have an observation X =
(X1 , . . . , Xn ) in a sample space X , modeled by an indexed family of probability distributions P = {F (· | θ) :
θ ∈ Θ}. Let us denote by f (· | θ) the density function associated to F (· | θ).
In the Bayesian framework, we take into account the previous knowledge about P, expressed by a prior
distribution π on the parameter space Θ. Also we assume that all the information given by an observed
sample x ∈ X is contained in the likelihood function, f (x | θ). After observing x we can then upgrade our
knowledge about θ by the posterior distribution
π(θ | x) ∝ π(θ)f (x | θ) ,

(2)

as a compromise between both sources of information.
Clearly, this approach is strongly dependent on an analytical representation for the likelihood function. The
approximate Bayesian computation, the so-called ABC algorithm, is a simulation-based methodology to
obtain an approximate sample from a posterior distribution when the likelihood is not available or handled,
supposing we are able to generate observations from X.
Its main idea is grounded on the comparison between the values of an informative statistic computed from
the data and from simulated observations generated for different values of the parameter. It was presented
in Pritchard et al. (1999) and well developed further, Sousa et al (2009), Toni, T. & Stumpf, M.P.H. (2010),
Robert et al. (2011).
Given a discrepancy measure ρ in X , for an observed x, the simplest ABC algorithm is a repetition of the
following steps:

Step 1. generate θ from the prior π;
Step 2. generate y = (y1 , . . . , yn ) from F (· | θ);
Step 3. compute ρ(x, y);
Step 4. accept θ if ρ(x, y) ≤ , otherwise reject it.
That algorithm samples from the joint density,
π,ρ (θ, y | x) = R

π(θ)f (y | θ)IA,x (y)
,
π(θ)f (y | θ)dydθ
A,x ×Θ

where A,x = {y ∈ X ; ρ(y, x) ≤ }, and IE is the indicator function of the event E.
In general, the discrepancy ρ is defined as a discrepancy or distance between T (x) and T (y), where T is a
suitable summary statistic. The main idea is that this statistic coupled with a small value of  should provide
a good approximation of the posterior distribution for θ. The accuracy of that approximation will depend
on the choice of the statistic T and of the value of , see Grelaud et al. (2009).
3. Results
As pointed out in the Introduction, we cannot handle directly with the likelihood associated to the Rosenblatt
distribution to obtain likelihood based estimates nor an exact posterior distribution (2) for D.
In order to approximate a posterior distribution for the memory parameter D of the Rosenblatt distribution, we use the ABC algorithm measuring the discrepancy between x and y by means of diverse known
discrepancies between the empirical distributions generated by x and y.
More precisely, let us consider the Kolmogorov-Smirnov distance, dKS (F1 , F2 ) = supx |F1 (x) − F2 (x)|, the
Cramér-von Mises discrepancy,
Z
dCM (F1 , F2 ) = (F1 (x) − F2 (x))2 dF1 (x) ,
the Kullback-Leibler discrepancy,
dKL (F1 , F2 ) =

Z

ln

and the Hellinger distance,
H 2 (F1 , F2 ) = 1 −



f1 (x)
f2 (x)



f1 (x)dx,

Z p
f1 (x)f2 (x)dx,

where fi is the density associated to Fi (i = 1, 2).
The simulations were carried on for four given values of D = 0 · 1, 0 · 2, 0 · 3, 0 · 4. For each value, we generate
a sample from ZD with size n = 1000, using the eigenvalue expansion of the Rosenblatt distribution as in
Veillette, M.S. & Taqqu, M.S. (2013). That sample determines a posterior distribution for D from each of
the proposed statistics. The Figure 2 shows the approximated posterior distribution for D from a typical
realization of ZD , for some of the values of D and statistics used.
We repeat the procedure described one thousand times and compute the mean and the standard deviation
of the posterior mean in order to compare the performance of the four statistics statistics. The results are
shown in Table 1.
The tabulated results show that the Hellinger distance has apparently a better performance among all, in
the sense of the both bias and variation around the nominal value. They could be considered all together by
using a modified algorithm called ABC of minimum entropy, in which we select the posterior sample with
minimum entropy. However, regardless the statistic selected, the posterior distributions obtained in all the
simulations performed are quite accurate.
5. Conclusions
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Figure 2: Posterior distribution for D given by the Hellinger distance when: (a) D = 0·1, (b)
D = 0·2, (c) D = 0·3, (d) D = 0·4
Table 1: Sample mean and sample standard deviation of the approximated posterior mean for D,
for each proposed statistic.
D
Kolmogorov-Smirnov Cramér-von Mises Kullback-Leibler
Hellinger
0.1
0.1016 (0.0065)
0.1008 (0.0068)
0.1062 (0.0046) 0.1001 (0.0054)
0.2
0.2027 (0.0109)
0.2002 (0.0100)
0.2091 (0.0094) 0.2006 (0.0066)
0.3
0.3110 (0.0209)
0.3070 (0.0186)
0.3259 (0.0105) 0.3027 (0.0130)
0.4
0.3952 (0.0165)
0.3935 (0.0125)
0.3708 (0.0111) 0.3958 (0.0110)
For the Rosenblatt distribution there is no likelihood-based inference method in the existing literature. In
this work we obtained a remarkably precise posterior distribution for that family, based on the approximate Bayesian computation algorithm. In particular, the statistic defined by the Hellinger distance is the
most informative one, among usual density discrepancies, to obtain that fine performance. Finally, although
beyond the scope of this paper, it is worth to say that this family of distributions can be used to model
one-dimensional distributions for long-memory stationary processes, as done in Andrade & Rifo (2015).
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