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Abstract

Variable taking value on (0, 1), such as rates or proportions, are frequently analyzed by researchers, for
instance, political data as well as Human Development Index . However, sometime this type of data cannot
be modelled adequately using a unique distribution. In this case, we can use a mixture of distribution that is
a powerful and flexible probabilistic tool. This paper deals with a mixture of simplex distribution for model
proportional data. A Bayesian approach is considered in the inference process with Reversible-jump Markov
Chain Monte Carlo method. The usefulness of the proposed approach is confirmed using simulated mixture
data for several different scenarios and through an interesting application to analyze the municipal Human
Development Index data set considering cities of the Northeast region of Brazil and São Paulo state.
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1 Introduction

Variable taking values on (0, 1), such as rates or proportions, are frequently analyzed by researchers, for
instance, the Human Development Index (HDI) (Haidich & Ioannidis, 2004; McDonald & Ransom, 2008).
Sometimes, the data cannot be modeled adequately using a unique distribution as is the case of the proportion
of votes obtained by a political party in Presidential Elections in each cities of an country analyzed in (Paz
et al., 2014). In addition, in the data of municipal HDI (MHDI) of several regions in Brazil can be identified
different components.
For data in (0,1) there are some works which consider a finite mixture of Beta distributions (Bouguila
et al., 2006; Bouguila & Elguebaly, 2012). However there are in the literature other distributions which
take values on (0,1), such as simplex distribution, for instance. The simplex distribution was proposed by
Barndorff-Nielsen & Jorgensen (1991) and recently has been considered as a complementary and alternative
regression model to the beta regression model (López, 2013). This paper deals with a new framework for
modeling the bounded variables with multimodality as a complementary model to the correspondent beta
model. The model proposed consider a mixture of simplex distribution with the number of components
unknown (simplex mixture model). This work is motivated by MHDI data in Brazil. Thus, at present we
focus on the identification of the numbers of components and the characteristics of each population identified
by the model, considering the MHDI of the cities of São Paulo state and Northeast region of Brazil. For
the inference process a Bayesian analysis is assumed where the unknown number of components and the
parameters should be regarded as drawn from appropriate prior distribution. For dealing with the problem
of estimating the number of components of the mixture model we adopt a reversible-jump Markov chain
Monte Carlo (RJMCMC) approach proposed, in the case of mixture of normal distributions, by Green (1995)



and Richardson & Green (1997). The results obtained are promissory since that the performance of the
method is tested by applying it to simulated data sets from mixture of simplex distributions, considering
several different scenarios.
The remainder of the paper is organized as follows: In Section 2 we present the mixture of simplex distribu-
tions. Section 3 addresses the Bayesian Inference approach. Section 4 is dedicate to application in simulated
data. In Section 5 we present an analysis of MHDI data set. Finally, some conclusions are drawn in Section
6.

2 Simplex Mixture Distribution

Consider initially a sequence of k continuous random variables all assuming values in (0,1), each following
a distribution with probability density function (pdf) P (.|θj), j = 1, . . . , k. The values of parameters in the
sequence θ1, ..., θk can be different leading to a mixture in the sequence of random variables (r.v.). Then we
define the pdf of a new r.v Y as

P (y|�,!, k) =

k∑
j=1

ωjP (y|θj), (1)

where (�,!, k) is a vector containing all unknown parameters with � = (θ1, ..., θk), ! = (ω1, ..., ωk), ωj is

the mixing proportions satisfying ωj > 0 and
∑k
j=1 ωj = 1, and k is the number of components assumed

unknown.
The components density P (.|θj) are taken to belong the simplex distribution whose pdf is given by

S(y|µ, σ2) =
(
2πσ2 (y(1− y))3

)−1=2
exp

{
−
(

1

2σ2

)(
(y − µ)2

y(1− y)µ2(1− µ)2

)}
I(0;1)(y), (2)

where 0 < µ < 1 is the location parameter and σ2 > 0 is the dispersion parameter. The model given by (1)
is a Simplex Mixture (SM) and its pdf can be written as

P (y|�,!, k) =

k∑
j=1

ωjS(y|µj , σ2
j ). (3)

We use Y ∼ SM(µ, σ2,!, k) to denote a r.v. following SM.

3 Inference

Let’s consider a unobserved random vector Zi = (Zi1, ..., Zik) such that Zij = 1 if the ith observation belongs

to the jth mixture component and Zij = 0 otherwise, i = 1, . . . , n. Note that
∑k
j=1 Zij = 1 then we suppose

each random vector Z1, .., Zn to be independently distributed according to a multinomial distribution with
parameters 1 and ! = (ω1, ..., ωk) = (P (Zi1 = 1|ω, k), ..., P (Zik = 1|ω, k)), for i = 1, ..., n. Then

P (Zij = 1|yi, θj , ω, k) ∝ P (Zij = 1|ω, k)P (yi|Zij = 1, θj , ω, k) = ωjS(yi|µj , σ2
j ),

j = 1, ..., k, i = 1, . . . , n. To simplify the notation we consider Z = (Z1, ..., Zn) an vector nk containing all
the unobserved indicator vectors Zi.
After the inclusion of the indicator vectors, the augmented data likelihood to (y,Z) can be given by

L(�,!, k|y,Z) =

n∏
i=1

k∏
j=1

[
ωjS(yi|µj , σ2

j )
]Zij

. (4)

The joint distribution of all variables of the model is given by

P (y,�,Z,!, k) = P (y|�,Z,!, k)P (�|Z,!, k)P (Z|!, k)P (!|k)P (k).

We impose conditional independence such that P (�|Z,!, k) = P (�|k), P (y|�,Z,!, k) = P (y|�,Z) then

P (y,�,Z,!, k) = P (y|�,Z)P (�|k)P (Z|!, k)P (!|k)P (k), (5)

where P (Z|!, k) =
∏n
i=1 P (Zi|!, k) =

∏n
i=1

(∏k
j=1 ω

Zij

j

)
and P (y|�,Z) =

∏n
i=1 P (yi|�, Zi,!, k).

Let’s φj = σ−2
j and assume the following independent prior distributions

µj |k ∼ Uniform(0, 1) and φj |k ∼ Gamma(a, b), j = 1, . . . , k, (6)



We consider a Dirichlet prior distribution for ! given k, !|k ∼ Dirichlet(ν1, ..., νk), and to the parameter k
we adopt a uniform distribution between 1 and kmax.

The full conditional distributions of the parameters for jth components as given by

P (φj |y,Z, µj) ∝ φ
nj=2+a−1

j exp

−φj

 ∑
i∈{i:Zij=1}

(yi − µj)
2

2yi(1− yi)µ2
j (1− µj)2

+ b

 (7)

P (µj |y,Z, φj) ∝ exp

− φj

2µ2
j (1− µj)2

∑
i∈{i:Zij=1}

(
(yi − µj)

2

yi(1− yi)

) , (8)

where nj =
∑n
i=1 Zij denotes the number of observations drawn from a jth component of the mixture. The

full conditional density of ! is

P (!|y,Z) ∝
k∏
j=1

ω
νj+nj−1
j , (9)

that is the pdf of a Dirichlet distribution, that is, (!|y, Z) ∼ Dirichlet (ν1 + n1, ..., νk + nk). For dealing
with the problem of estimating of k we adopted RJMCMC approach Green (1995).

4 Analysis of simulated data sets in several scenarios

The analysis was conduced to simulated data set considering six scenarios to simplex mixture models We
simulated independent values Y ∼ SM(µ, σ2,!, k) with k ∈ {2, 3}. The parameters of the six models are
shown in the first column of Table 2 and are noted as M1, ...,M6. For each model we simulated tree data
sets, being the first with size n = 1000 and the others two with size n < 1000, as seen in the second column
of Table 2. The value of kmax was fixed in 5 and the hyper-parameters for gamma prior were fixed in a = 2
and b = 1/2. After discarding the first 100000 iterations, we used 100000 iterations with thinning equal to
10 to the inference process.

Table 1: Posterior mean of the parameters and empirical standard deviation (SD) for each simulated data set
considering six models with k = 2 described in Table 2.

Model n Estimative to µ Estimative to σ2 Estimative to ω

M1

1000
Mean
SD’s

(0.33, 0.71) (0.69, 1.57) (0.46, 0.54)
(0.005, 0.006) (0.061, 0.134) (0.019, 0.016)

500
Mean
SD’s

(0.33, 0.72) (0.77, 1.43) (0.47, 0.53)
(0.010, 0.011) (0.1225, 0.1990) (0.031, 0.031)

100
Mean
SD’s

(0.35, 0.69) (0.61, 1.83) (0.41, 0.59)
(0.041,0.047) (0.556, 0.741) (0.123,0.123)

M2

1000
Mean
SD’s

(0.082,0.40) (1.99, 0.98) (0.70, 0.3)
(0.001, 0.006) (0.1178, 0.0915) (0.015,0.015)

500
Mean
SD’s

(0.079, 0.40) (2.00, 0.89) (0.68, 0.32)
(0.002, 0.008) (0.3417, 0.1115) (0.021, 0.021)

100
Mean
SD’s

(0.091,0.40) (2.96, 0.77) (0.72,0.28)
(0.008, 0.026) (0.811, 0.661) (0.058,0.058)

M3

1000
Mean
SD’s

(0.21,0.61) (1.86,0.91) (0.29, 0.71)
(0.009, 0.005) (0.2386, 0.0659) (0.018, 0.018)

500
Mean
SD’s

(0.19,0.60) (2.03, 1.08) (0.27, 0.73)
(0.012, 0.003) (0.970, 0.1327) (0.028, 0.028)

100
Mean
SD’s

(0.24, 0.58) (2.00, 1.11) (0.23, 0.77)
(0.078, 0.028) (2.085, 0.706) (0.111, 0.111 )

The posterior relative frequency of k, shown in Table 2, gives evidence that the reversible-jump estimated
correctly the number of components to these simulated data sets. In addition, Tables 1 and 3 shows the
estimated values of parameters to the six models. Posterior mean and empirical standard deviation (SD) are
shown in this table. Finally, we show the real histogram and estimated density in Figure 1 that indicates
good performance of the method.



Table 2: Parameters used to simulate the data sets and the posterior relative frequency for the number of components
obtained from the each simulated data set of the size n.

Model n Posterior relative frequency

k=1 k=2 k=3 k=4 k=5

M1


µ = (0.34, 0.72)

σ2 = (0.8, 1.5)

w = (0.5, 0.5)

1000 0 0.9874 0.0125 0.0001 0

500 0 0.9804 0.0194 0.0002 0

100 0.2790 0.6866 0.0333 0.0010 0.

M2


µ = (0.08, 0.40)

σ2 = (2, 1)

w = (0.65, 0.35)

1000 0 0.9941 0.0059 0 0

500 0 0.9852 0.0145 0.0003 0

100 0.1060 0.8532 0.0389 0.002 0.0001

M3


µ = (0.23, 0.58)

σ2 = (1.8, 0.8)

w = (0.30, 0.70)

1000 0 0.9876 0.0123 0.0001 0

500 0 0.9843 0.0154 0.0002 0.0001

100 0.1648 0.7711 0.0591 0.005 0

M4


µ = (0.30, 0.55, 0.80)

σ2 = (0.20, 0.10, 0.20)

w = (0.20, 0.30, 0.50)

1000 0.01 0.051 0.9370 0.0024 0

500 0.0062 0.0523 0.9387 0.0028 0

300 0.0199 0.3393 0.6316 0.009 0.0003

M5


µ = (0.15, 0.47, 0.75)

σ2 = (5.0, 0.2, 0.8)

w = (0.25, 0.45, 0.30)

1000 0.0001 0.1140 0.8667 0.0189 0.0003

500 0.0005 0.1660 0.8157 0.0177 0.0001

400 0.0023 0.3831 0.5906 0.0240 0

M6


µ = (0.10, 0.50, 0.90)

σ2 = (6.0, 0.5, 8.0)

w = (0.3, 0.50, 0.20)

1000 0.0047 0.0208 0.9518 0.0224 0.0003

500 0.0126 0.0583 0.8984 0.0388 0.001

400 0.0106 0.1409 0.7929 0.0536 0.0020

Table 3: Posterior mean of the parameters and empirical standard deviation (SD) for simulated data set considering
six models with k = 3 described in Table 2.

Model n Estimative to µ Estimative to σ2 Estimative to ω

M4

1000
Mean
SD’s

(0.30, 0.55, 0.80) (0.20, 0.12, 0.18) (0.18, 0.31, 0.51)
(0.007, 0.004, 0.03) (0.07, 0.08, 0.05) (0.01, 0.02, 0.02)

500
Mean
SD’s

(0.30 0.55 0.80) (0.23,0.10,0.20) (0.17 0.31 0.52)
(0.009 0.007 0.007) (0.10, 0.10 0.06) (0.02 0.02 0.02)

300
Mean
SD’s

(0.30, 0.55, 0.80) (0.27, 0.13, 0.22) (0.17, 0.32, 0.52)
(0.025, 0.016, 0.014) (0.32, 0.25, 0.13) (0.034, 0.042, 0.041)

M5

1000
Mean
SD’s

(0.16, 0.47, 0.76) (5.25, 0.21, 0.77) (0.24, 0.45, 0.31)
(0.01, 0.01, 0.01) (0.7, 0.1, 0.1) (0.02, 0.02, 0.02)

500
Mean
SD’s

(0.14, 0.46, 0.75) (3.19, 0.26, 0.76) (0.20 0.47 0.33)
(0.02, 0.01, 0.01) (0.65, 0.26, 0.19) (0.02, 0.03, 0.03)

400
Mean
SD’s

(0.15, 0.48, 0.76) (4.41, 0.37, 0.83) (0.20, 0.45, 0.35)
(0.031, 0.038, 0.028) (2.9, 1.8, 0.35) (0.04, 0.06, 0.07)

M6

1000
Mean
SD’s

(0.10, 0.50, 0.89) (7.34, 0.58, 7.50) (0.31, 0.51, 0.18)
(0.012, 0.009, 0.026) (0.9, 0.9, 1.9) (0.02, 0.02, 0.02)

500
Mean
SD’s

(0.098, 0.49, 0.88) (6.05, 0.73, 9.25) (0.31, 0.51, 0.18)
(0.02, 0.01, 0.06) (6,3,4) (0.03, 0.04, 0.06)

400
Mean
SD’s

(0.097, 0.49, 0.87) (4.843, 1.00, 10.45) (0.31, 0.49, 0.20)
(0.02, 0.03, 0.08) (1, 5, 6) (0.05, 0.05, 0.06)

5 Analysis of MHDI data in Brazil

We analyse the MHDI of the São Paulo state and Northeast region of Brazil. Nine states comprise the
Northeast region ( Alagoas, Bahia, Ceará, Maranhão, Paráıba, Pernambuco, Piaúı, Rio Grande do Norte
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Figure 1: Histograms and estimated density function

and Sergipe) with 1794 cities altogether. Since São Paulo state contain 645 cities we have a sample of
size n = 2439. The histogram of the data is showed in Figure 2 (A) where we can see the multimodality
phenomenon. This phenomenon is already expected because the MHDI depend of characteristics that can
be similar to some cities or towns.

Table 4: Relative frequency of k to the MHDI data set considering alternative SM models.

k 1 2 3 4 5
0.073 0.923 0.005 0.0004 0

Figure 2: (A) Real histogram and Estimated density function to the MHDI data set. (B) and (C)
Classification of MHDI of cities of the states São Paulo and Northeastern region of Brazil.

The MHDI data set was analyzed with the SD model where we set a = 2 and b = 1/2 in the gamma prior
distribution to σ−2

j , for j = 1, ..., k. We set ν1 = ν2 = ... = νk = 1 to Dirichlet prior distribution and
kmax = 5 to prior distribution of k. Table 4 show the posterior relative frequency of k with high evidence to
k = 2. The mean and empirical SD of the parameter estimate are showed in Table 5.



Table 5: Posterior estimates of the parameters and the empirical standard deviation to the municipal HDI data set.

µ̂ σ̂2 ŵ
means SD’s means SD’s means SD’s

( 0.59, 0.73) (0.004, 0.010) (0.09, 0.21) (0.03, 0.076) (0.69, 0.31 ) (0.03, 0.031)

Figure 2(B) shows in red the cities classified as belonging to the first component. We can observe that there
are some cities in the Northeastern region classified in the first component. This cities has better municipal
HDI than those which are classified in the second component, shown in 2(C) cities detached with color blue.

6 Final comments

We proposed an flexible model to proportions considering a mixture of simplex distribution with an unknown
number of components. The main advantage of this model is its flexibility for working with bounded data with
multimodality identified the components or populations in the data. A Full Bayesian approach considering an
MCMC with reversible-jump algorithm similar to the methodology proposed by Richardson & Green (1997)
and Green (1995) was developed.
An application to generated data sets from a mixture of simplex distributions with 2 and 3 components were
conducted where the method provides a good estimate to the number of component as well as the other
parameters of the model since the estimated values lie close to the real values of the parameters.
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