Application of block maxima model to Madeira Island’s maximum annual rainfall data
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Abstract
Madeira is a Portuguese island located in the Atlantic Ocean off the Northwest African coast, between
latitudes 32◦ 30’N – 33◦ 30’N and longitudes 16◦ 30’W – 17◦ 30’W, that presents a significant number of
rainfall-induced flash floods along its history. The generalised extreme value distribution is widely used
for modelling extremes of natural phenomena, being this distribution also used in this study to model the
available data. Under a block maxima model or Gumbel’s approach, with the annual maxima obtained from
the data provided by the Portuguese Institute of Sea and Atmosphere, the Gumbel and the generalised
extreme value distribution parameter estimates are determined by the method of maximum likelihood.
In addition, the estimates and confidence intervals for return levels of 50 and 100 years are obtained. Also,
the fitted Gumbel and generalised extreme value distributions in the statistical modelling of annual maxima
rainfall in Madeira Island are compared.
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Introduction

In the last two centuries, extreme rainfall events triggered at least thirty significant flash floods (in terms of
damages and loss of lives) in Madeira Island. More precisely, eight intense flash floods occurred in the 19th
century and twenty two in the last century (Quintal, 1999). Since 2001, at least ten events of this nature,
with different intensities, have occurred in the island. Among these, the most significant one was the one that
happened on the 20th of February 2010 and caused 45 casualties, six missed people and extensive damage to
properties and infrastructures (Fragoso et al., 2012).
It was Emil Gumbel who in 1958 (Gumbel, 1958) firstly proposed the block maxima approach in the study of
statistics of extremes. Under this approach, a sample of size m is divided into n sub–samples of size r. Then,
the sample of the maxima of these n sub-samples is fitted by one of the extremal models (Gumbel, Fréchet
or Weibull) (Gomes et al., 2008). Usually, when data results from a measurement over time, the subsamples
coincide with the yearly measurements and n is the number of years sampled. Among the extremal models,
Gumbel distribution is a commonly used model for hydrological extremes, especially when quantifying risk
associated with extreme rainfall (Koutsoyiannis, 2004). However, there are studies suggesting that the
Gumbel distribution may underestimate the largest extreme rainfall amounts (Koutsoyiannis & Baloutsos,
2000; Koutsoyiannis, 2004). To overcome this problem, statistical practitioners tend to prefer to fit the
generalized extreme value (GEV) distribution to the data (Coles, 2001; Koutsoyiannis & Baloutsos, 2000;
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Koutsoyiannis, 2004). According to Hosking et al. (1985), the GEV distribution has been widely utilised
for modelling extremes of natural phenomena since this use was recommended in a report of the Natural
Environment Research Council (NERC, 1975).
In this paper, GEV distributions were fitted to the Madeira Island’s maximum annual rainfall data provided
by the Portuguese Institute of Sea and Atmosphere (IPMA). The method of maximum likelihood was used
to obtain estimates for the GEV distribution parameters and the classical test based on the likelihood ratio
statistic was applied to test the hypothesis of a Gumbel distribution versus a GEV distribution. In addition,
the 50– and 100–year return level estimates were obtained.

2

Data

The data set analysed in this study consists of annual daily maximum precipitation data from seven rain
gauge stations in Madeira Island maintained by IPMA, whose approximate locations are indicated in Figure 1
by the letters A to G, grouped according to a decreasing altitude order. Each station is identified by the
name of the place where it is located. Besides the name, Table 1 provides additional information about each
station, namely its name and Id, geographical location and altitude, the period considered, and the sample
size.
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Figure 1: Location and altitude range of the rain gauge stations.
Table 1: Details of the rain gauge stations used in this study
Station Name (Id)
Latitude Longitude Altitude (m) Period
Areeiro (A)
32◦ 43’N
16◦ 55’W
1610 1961–1992
◦
Bica da Cana (B)
32 45’N
17◦ 03’W
1560 1961–2008
Santo da Serra (C)
32◦ 43’N
16◦ 49’W
660 1970–2009
◦
◦
Santana (D)
32 48’N
16 53’W
380 1942–2007
Funchal (E)
32◦ 38’N
16◦ 53’W
58 1949–2009
◦
◦
Santa Catarina (F)
32 41’N
16 46’W
49 1961–2009
Lugar de Baixo (G) 32◦ 40’N
17◦ 05’W
15 1961–2004
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n
31
40
38
59
61
48
43

Methodology

Let n ∈ N and X1 , X2 , ... be a sequence of independent random variables with a common distribution function
n )−bn
F . If there are sequences of normalising constants, an > 0 and bn , such that, as n → +∞, max(X1 ,...,X
an

converges weakly to a nondegenerate random variable, then the limiting distribution in its continuity points
is given by Gγ (σx + µ) where

exp(−(1 + γx)−1/γ ), if 1 + γx > 0, γ 6= 0;
Gγ (x) =
exp(− exp(−x)),
if x ∈ R, γ = 0,
and γ, µ and σ, are, respectively, the shape, location, and scale parameters. Given a random sample of
maxima, the hypothesis H0 : γ = 0 (Model 2) may be rejected in favour the alternative hypothesis H1 : γ 6= 0
(Model 1), at the significance level α, if
2(l1 (M1 ) − l2 (M2 )) > χ2(1−α,1) ,
where χ2(1−α,1) is the (1 − α)–quantile of the χ21 distribution and li (Mi ) is the maximised value of the loglikelihood for Model i, i = 1, 2 (Coles, 2001).
For a given small probability p, a return level is a threshold qp , whose probability of exceedance is p. In
the context of annual block maxima, the return level is the value exceeded by the annual maximum in any
particular year with probability p. In other words, the return level qp is the value expected to be exceeded
once every 1/p years (Coles, 2001). Return level estimates can be obtained by the estimation of the extreme
quantiles of the annual maximum distribution given by

µ − σγ [1 − (− log(1 − p)−γ )], if γ 6= 0;
qp =
µ − σ log (− log(1 − p)),
if γ = 0,
where µ, σ and γ are replaced by their respective maximum likelihood estimates.
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Results and Discussion

Hydrological time records may not satisfy the basic requirements of extreme value theory as they can often
be autocorrelated and non identically distributed (Engeland et al., 2004). However, according to Leadbetter
and Rootzén (Leadbetter & Rootzén, 1988), under weak dependence restrictions, the general type of limiting
distribution for the maximum is the same as for an independent and identically distributed sequence. The
non-stationarity can be accounted, for example, by subdividing the dataset into blocks that are considered to
be homogeneous or by letting the parameters in the GEV distribution depend on time (Engeland et al., 2004).
So, although the full set provided by IPMA contains a series of values for each year, only the annual maxima
are considered here. Thus, in this way, intra-year dependencies are diminished and the supposition that the
data x1 , ..., xn are realisations from a sequence X1 , ..., Xn of independent and identically distributed random
variables, all with common extreme value distribution may be considered as a valid assumption (Embrechts
et al., 1997).
For the distribution functions corresponding to Areeiro (A), Santo da Serra (C), Santana (D), Funchal (E)
and Santa Catarina (F) stations, we notice that, considering α = 0.05, Model 2 is not rejected in favour
of Model 1 as the corresponding p–values are 0.3157, 0.4661, 0.8645, 0.4520 and 0.3686, respectively. The
opposite happens in the case of Bica da Cana (B) and Lugar de Baixo (G) datasets as the corresponding
p–values are 0.0095 and 0.0419, respectively. The fitted model for the Bica da Cana (B) station is the GEV
distribution with parameters’ estimates µ
b = 145.47, σ
b = 39.46 and γ
b = −0.263. These values allow us to
estimate the upper end point of the fitted distribution as zb0 = µ
b−σ
b/b
γ = 295.51. A positive estimate for the
shape parameter, γ
b = 0.206, is obtained for the case of Lugar de Baixo (G) station. All choices resulting from
the application of the likelihood ratio test, the corresponding model parameters’ estimates, and the standard
errors were obtained by the application of the ismev and extRemes R language packages (R Development
Core Team, 2015) for each location are presented in Table 2. Although Areeiro (A), Santo da Serra (C),
Santana (D), Funchal (E) and Santa Catarina (F) data sets give no statistically significant evidence to reject
the Gumbel model, it is observed (cf. Table 3) that the ML estimate for each γ is not zero. A graphical
inspection of the adequacy of Models 1 (Figure 2) and 2 (Figure 3) to the corresponding distribution function
for Funchal (E) station when the ML method is applied shows a difference in terms of the return level plots.

Figures 2 and 3 reveal that the confidence intervals are wider for Model 1 than for the Model 2 for long
return periods, although the estimated return level curves are similar. The set of plotted points is nearly
linear in the probability and quantile plots for both models. Also for both cases, the corresponding estimated
densities are apparently consistent with the presented data histograms.

Table 2: Chosen models, ML parameter estimates and standard errors (in parentheses).
Station Name (Id)
Model
µ
b
σ
b
γ
b
Areeiro (A)
Model 2 156.75 (6.53) 34.41 (4.73)
Bica da Cana (B)
Model 1 145.47 (6.78) 39.46 (4.62) −0.263 (0.082)
Santo da Serra (C) Model 2 113.34 (7.73) 45.16 (5.76)
Santana (D)
Model 2
85.17 (5.07) 37.00 (3.86)
Funchal (E)
Model 2
51.34 (2.85) 21.07 (2.10)
Santa Catarina (F) Model 2
55.21 (3.25) 21.46 (2.50)
Lugar de Baixo (G) Model 1
46.71 (2.43) 13.75 (1.99)
0.247 (0.143)

Table 3: Model 1
Station Name (Id)
Areeiro (A)
Bica da Cana (B)
Santo da Serra (C)
Santana (D)
Funchal (E)
Santa Catarina (F)
Lugar de Baixo (G)

parameter estimates.
µ
b
σ
b
γ
b
159.49 35.74 −0.145
145.47 39.46 −0.263
116.44 47.27 −0.126
84.78 36.75
0.021
52.30 21.63 −0.084
53.95 20.47
0.111
46.71 13.75
0.247
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Figure 2: Diagnostic plots for Model 1 fit to the Funchal (E) station data.
Following Coles (2001), who advocates that the safest option is to accept there is uncertainty about the
value of the shape parameter and to prefer the inference based on the Model 1 whether the Gumbel model is
adequate or not, Model 1 was here considered in the determination of the estimates and confidence intervals
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Figure 3: Diagnostic plots for Model 2 fit to the Funchal (E) station data.
for the 50– and 100–year return levels presented in Table 4. Funchal (E) station is the one with the lowest
estimates for the 50– and 100–year return levels, values that were less than the corresponding values of Santa
Catarina (F) and Lugar de Baixo (G). Although, these two stations are in a lower altitude, they present higher
estimates values and wider confidence intervals. The highest estimates for the 50– and 100–year return levels
belong to the stations located in an altitude above 500 m, namely Areeiro (A), Bica da Cana (B), Santo da
Serra (C), and Santana (D) stations.

Table 4: Estimates (mm) and confidence intervals (CI) for 50– and 100–year return levels.
50–year
100–year
Station Name (Id)
estimate
95% CI
estimate
95% CI
Areeiro (A)
266.0
(225.6, 306.4)
279.5
(228.1, 330.9)
Bica da Cana (B)
241.7
(219.9, 263.5)
250.7
(225.3, 276.0)
Santo da Serra (C)
262.0
(197.0, 327.1)
281.3
(194.3, 368.4)
Santana (D)
234.3
(167.3, 301.4)
262.4
(168.1, 356.7)
Funchal (E)
124.3
(100.0, 148.5)
134.8
(102.6, 167.1)
Santa Catarina (F)
154.0
(101.2, 206.8)
177.0
(100.6, 253.3)
Lugar de Baixo (G)
137.0
(77.3, 196.6)
164.5
(72.8, 256.1)
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Conclusions

In this work, GEV parameters estimates by the method of maximum likelihood were provided and the
hypothesis of the Gumbel distribution was tested by the likelihood ratio test. For the distributions
corresponding to Areeiro (A), Santo da Serra (C), Santana (D), Funchal (E) and Santa Catarina (F), there is
not significant evidence to choose Model 1 (γ 6= 0), in opposition to Model 2 (Gumbel model). Nevertheless,
in these particular cases we chose to determine the estimates for the 50– and 100–year return levels
considering the GEV distribution. In our study the estimates for the shape parameter range approximately
from −0.27 to 0.25, being greater than 0.11 for the two stations located at the lowest altitudes and nearest
the sea, namely, Santa Catarina (F) and Lugar de Baixo (G) stations. The estimate for γ is also positive
for the Santana station but closer to zero than the previous ones. Areeiro (A), Bica da Cana (B), Santo da
Serra (C) and Funchal (E) data revealed negative estimates for the shape parameter, being the three lower

values associated with the stations located in higher altitudes. The stations below 100 m present the lowest
location and scale estimates with values below 54 mm and 22 mm, respectively. The other stations show
location and scale estimate values above 84 mm and 36 mm, being the location estimate values greater than
116 mm for the stations situated at the three highest altitudes. It turns out that among these is the third
lowest one that presents the highest estimate value for 100–year return level, namely Santo da Serra (C).
On the other hand, the lowest estimates for the 50– and 100–year return levels are showed by Funchal (E)
station.
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