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Abstract
Spatial point patterns arise in a wide variety of scientific contexts, including seismology, forestry, geology
and epidemiology. Wildfire is one of the most ubiquitous natural disturbance in the world and represents a
problem of considerable social and environmental importance; particularly, in Galicia (NW Spain) arson fires
are the main cause of forest destruction. Knowing the spatial distribution of forest fires would be a key factor
for future development of fire prevention and fire fighting plans. This work addresses different procedures
to obtain a consistent estimator of the first order intensity and propose a smooth bootstrap procedure for
inhomogeneous point processes. This method is used to develop effective automatic bandwidth selectors
for kernel intensity estimation. Finally, we compare these estimators through a simulation study and we
illustrate their application to the analysis of wildfires registered in Galicia.
Keywords: bandwidth selection; first order intensity; inhomogeneous point processes; wildfires.
1. Introduction
A spatial point process, X in R2 , is a stochastic mechanism that generates a countable number of events in
the plane. A spatial point pattern, (X1 , . . . , XN ), is a realization of a spatial point process in a bounded
region, W ⊂ R2 . If we associate the wildfires registered during a given period of time with the spatial coordinates of their ignition points, along with other variables such as size or cause, wildfires can be seen as a
spatial point pattern, and the spatial distribution of the ignition points can be identified with its first order
E[N (dx)]
, where N denotes the counting measure.
intensity, λ(x) = lim
|dx|
|dx|→0
Parametric models have been widely used to estimate the first order intensity, e.g. Diggle (2003) and
Waagepetersen (2007). However, unreliable estimates can be obtained if the assumed model deviates from
the true intensity function. Due to this well-known problem, nonparametric methods were developed, the
classical approach is the kernel intensity estimator introduced by Diggle (1985), (DIE):

λ̂h (x) =

N
N
X
1 X
1
kh (x − Xi ) =
k ((x − Xi )/h),
ph (x) i=1
ph (x) h2 i=1

(1)

where the kernel function, k (·), is a radially symmetric bivariate probability density
function, h > 0 is the
R
smoothing parameter or bandwidth, kh is the smoothed kernel and ph (x) = W h−2 k((x − y)/h)dy is the
edge-correction term.
The main drawback of kernel intensity estimator is its lack of consistency, which has limited its use to exploratory analysis. To overcome this problem, Cucala (2006) defined the density of event locations, proposed
a kernel estimator with scalar bandwidth for this function and showed its consistency. In addition, Guan
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(2008) developed a consistent nonparametric intensity estimator assuming that the first order intensity of a
spatial point process is a continuous function of some observed covariates, and along the same lines, Baddeley
et al. (2012) proposed an estimator that generalises the former.
This paper is structured as follows; in Section 2 we introduce the kernel estimator of the density of evens
locations with full bandwidth matrix and we propose a smooth bootstrap procedure used to define a datadriven bandwidth selector. Section 3 is devoted to explain the estimator proposed by Guan (2008) and its
main properties. In Section 4 we conduct a simulation study to compare the performance of all the estimators
mentioned above. And finally, in Section 5 we show the application of intensity estimators to the analysis of
wildfires registered in Galicia in two particular days of 2006 and 2008.
2. Kernel estimator of the density of event locations
In this section we use the relationship between the first order intensity of spatial Poisson processes and
bivariate densities to deal with the lack of consistency. Notice that the Poisson assumption is needed to
develop the asymptotic theory but the estimator can be also applied to non-Poisson
 processes. The number
R
of events of an inhomogeneous Poisson process, N , has distribution P ois W λ(x)dx = P ois(m). Thus, conditional on N = n we have that f (x) = λ(x)/m is a bivariate density function. Considering this relationship,
Cucala (2006) defined the density of event locations of an inhomogeneous point process as λ0 (x) = λ(x)/m
and used kernel smoothing with scalar bandwidth to estimate this density. As we are dealing with spatial
data, Fuentes-Santos et al. (2015) pointed out that a full bandwidth matrix should be more appropriate and
proposed the following estimator of λ0 (·), (KDE)

λ̂0,H (x) =

N


X
λ̂H (x)
−1
I[N 6= 0] = (pH (x)N ) |H|−1/2
k H −1/2 (x − Xi ) I[N 6= 0],
N
i=1

(2)

where the bandwidth matrix, H is symmetric and positive-definite.
The mean integrated squared error (MISE) is a common global error criteria to measure the performance
of kernel estimators, and consequently to develop data-driven bandwidth selectors. Considering the infill
asymptotic framework and some regularity conditions (see details in Fuentes-Santos et al. (2015)), the MISE
of λ̂0,H (x) is MISE(H) = AMISE(H) + o A(m)|H|−1/2 + tr2 (H) , where
1
µ2 (k)2 (vechT H)Ψ4 (vechH) + A(m)|H|−1/2 R(k),
(3)
4

 R
vechH is a column vector containing
triangular half of H, A(m) = E N1 I[N > 0] , R2 uuT k(u)du =
R the lower
µ2 (k)I2 with µ2 (k) < ∞, R(k) = R2 k(u)2 du and Ψ4 is the 3 × 3 matrix given by
Z




Ψ4 =
vech 2D2 λ0 (x) − dgD2 λ0 (x) vechT 2D2 λ0 (x) − dgD2 λ0 (x) dx,
AMISE(H) =

R2

where D2 λ0 (x) is the Hessian matrix of λ0 (x) and dgA is the matrix A with all its non-diagonal elements set
to 0.
Equation (3) shows that the AMISE of λ̂0,H (x) depends on m and Ψ4 that, as well as the first order intensity, are unknown. Thus, we need an estimator of AMISE(H) to analyse the performance of λ̂0,H (x) and to
develop a bandwidth selector.
To this end, we have extended to R2 the smooth bootstrap procedure developed by Cowling et al. (1996) for
point processes in R. Conditional
on the observed point pattern, (X1 , ..., XN ), we first generate

R
N ∗ ∼ P oisson W λ̂G (x)dx . Then, the resampled point pattern is defined as: Xi∗ = Yi∗ +Zi∗ , i = 1, . . . , N ∗ ,
where Yi∗ is drawn by sampling randomly with replacement from (X1 , ..., XN ), the Zi∗ ´s are independent and
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identically distributed with bivariate density k(·) rescaled by a pilot smoothing matrix G, which determines
the disturbance applied to the events.
The bootstrap version of the kernel estimator (2), with bandwidth matrix H is given by

λ̂∗0,H (x)

N∗


X
1 ∗
∗
∗ −1
1/2
= ∗ λ̂H (x)I [N > 0] = (pH (x) N ) |H|
k H −1/2 (x − Xi∗ ) I [N ∗ > 0] .
N
i=1

(4)

Under some regularity conditions (see details
in Fuentes-Santos et al. (2015)), we have that MISE∗ (H) =

∗
2
−1
AMISE (H) + op tr (H) + A(m̂)|H|
, where
AMISE∗ (H) =

1
µ2 (k)2 (vechT H)Ψ̂4,G (vechH) + A(m̂)|H|−1/2 R(K)
4

(5)

which tends to 0 when m → ∞. Thus λ̂∗0,H (x) is a consistent estimator of λ̂0,G (x).
Comparison of expressions (3) and (5) shows that the dominant terms of the integrated square bias and
the integrated variance in the bootstrap version are estimators of the corresponding terms in AM ISE(H).
Note that m can be estimated by m̂ = n and A(m) by Â(m) = 1/n. In order to ensure the consistency of
AMISE∗ (H) we need Ψ̂4,G to be consistent.
Conditional on N = n the observed pattern, (X1 , ..., Xn ), can be seen as a random sample of size n of the
bivariate random variable with density λ0 (x). Therefore, we can derive the sample properties of the kernel
estimator of each component of Ψ4 , ψ̂4,G , from those obtained by Duong and Hazelton (2003) for the bivariate kernel density estimator. This allows us to prove the consistency of AM ISE ∗ (H), and to determine
that the bootstrap procedure should be conducted with a bandwidth asymptotically larger than the optimal
bandwidth for λ̂0,H (x).
Bandwidth selection for the kernel estimator of λ0 (x) can be conducted minimizing the bootstrap AMISE.
Expression (5) shows that that AM ISE ∗ (H) depends on the observed pattern but not on the bootstrap
resamples, i.e. we do not need to generate bootstrap resamples to obtain AM ISE ∗ (H), however we need
a pilot estimate of Ψ4 . This situation suggests the application of a plug-in algorithm to select the optimal
bandwidth matrix as it is detailed in Fuentes-Santos et al. (2015).
3. Kernel intensity estimation based on spatial covariates
In the previous section we can see how to deal with the lack of consistency of intensity estimation through
defining an artificial density function. In this section a different approach, which uses extra information given
by one or more covariates, is considered.
We assume that first order intensity is a continuous function of some observed covariates, even if in practice,
as we will see later, we only know these covariates on a sufficient fine pixel grid. Let Z be a spatially
continuous random field in R2 which is observed on W and assume λ (·) = ρ[Z(·)], where ρ is some nonnegative continuous function. Guan (2008) proposed, conditional on the observed point pattern (X1 , ..., XN ),
the following covariate intensity estimator (CIE):


PN
||Z(Xi )−Z(x)||
k
i=1
h


λ̂(x; h) = R
,
(6)
||Z(u)−Z(x)||
k
du
h
W
where k(·) is a univariate density function, and || · || denotes the euclidean norm.
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This estimator is close to (DIE), indeed it is also a kernel estimator with an edge-correction term on the
denominator. The advantage of the new one is that it can catch information that may be far from the
estimating point (in the sense of the usual distance) with the unique condition of being close in terms of the
covariates. With this feature the author avoids some problematic cases such as the fact of not having enough
events in a certain region to compute the estimation. Guan (2008) proved the consistency of this estimator
under some regularity conditions.
Currently, automatic bandwidth selection procedure for this estimator is an open problem, Guan (2008)
proposes a cross-validation method but other authors, e.g. Baddeley et al. (2012), are in favour of using, for
one dimension covariates, classical bandwidth selection methods such Silverman’s rule of thumb. Resampling
techniques, similar to that presented in Section 2, could be used to define new methods for bandwidth selection.
4. Simulation study
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This section reports the results of a simulation study conducted to compare the performance of the intensity
estimators proposed above, DIE, KDE and CIE. We first simulate a realization of a gaussian random field in
the unit square, with 0 mean and exponential model for the covariance function C(h) = σ 2 exp(−h/ρ), h >
0, σ = ρ = 0.1 which is represented in (Figure 1, left); we also use this same model to generate an error field
which we will denote by e. In addition we define a deterministic covariate as the minimum distance from
a given location on the unit square to the letter R drawn within it, (Figure 1, right). These covariates are
drawn in a fine equally spaced grid of size 512 × 512.

Figure 1: Realization of the gaussian random field (left) and distance to letter R (right).
To perform this study we generate B=100 realizations of four spatial point processes with first order intensities λi (x) = exp (β0 + β1 Yi (x)), where Y1 = Z, Y2 = Z + e, Y3 = dR (x) and Y4 = dR (x)2 . Indeed we have
remarked that for larger values of B, the results are the same.
For a given realization of any process, we apply DIE, KDE and CIE to estimate its first order intensity. To
compute the DIE we use the bandwidth selection method proposed by Diggle and Marron (1988), for the
KDE we use the plug-in method proposed in section 2 and for CIE we decided to use Silverman’s rule of
thumb. For CIE we use the covariate Z(x) for models 1 and 2, and dR (x) for models 3 and 4. Both, DIE and
KDE are computed using the edge-correction term defined through the convolution of the gaussian kernel
with the window of observation. Notice also that all the estimators are computed using the Fast Fourier
Transform (provided by the R base library function fft).
To compare the performance of the estimators we use a relative version of the ISE
Z
ISE =
W

λ̂(x) − λ(x)
λ(x)

!2
dx.
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Table 1 lists the mean (MISE) and standard deviations of the ISEs for each simulated pattern. We first
observe that KDE outperforms DIE in every model although this difference is minimum in model 2. For
model 1 we see that CIE clearly obtain better results than KDE, but as regarding the errors for model 2,
we can see that the performance of CIE is worse when the covariate provides just partial information of the
model, although it keeps outperforming KDE. For models 3 and 4, KDE and CIE provide similar results, i.e.
we do not obtain any significant gain with the additional information given by the covariate.

DIE
KDE
CIE

Model 1

Model 2

Model 3

Model 4

0.1640

0.3312

0.0691

0.0612

0.0374

0.0563

0.0175

0.0206

0.1459

0.3282

0.0411

0.0297

0.0221

0.0539

0.0112

0.0097

0.0233

0.2218

0.0324

0.0296

0.0194

0.0505

0.0131

0.0116

Table 1: MISE and standard deviations of the ISEs for the four simulated point processes and the
three estimators .
5. Analysis of wildfires
This section illustrates how the kernel intensity estimators outlined above can be applied to deal with problems
of high environmental and economic importance such as wildfires. We analyse the spatial point patterns of
the wildfires registered in Galicia (NW Spain) in two particular days: 09/08/2006 (190 ignition points) and
17/02/2008 (118 ignition points). For each day, the map of mean temperature (Figure 2) was used as covariate
to compute the CIE,
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Figure 2: Mean temperature (Celsius degrees) in Galicia during the days 09/08/2006 (left) and
17/02/2008 (right).
Both images in Figure 2 were obtained by applying a gaussian kernel smoothing procedure to the original
temperature data, provided by meteorological stations regularly distributed over the region (44 values in
2006, and 69 in 2008). Both images are drawn with the same scale, thus we can easily remark that, as
expected, temperatures on 09/08/2006 are higher than those registered on 17/02/2008, because the first day
corresponds to summer and the later to winter.
We have computed the three estimators presented above for both days and the results can be seen on Figure
3. We can remark that DIE and KDE provide similar and reasonable estimations of the spatial distribution
of ignition points, even though the first one has a slight bias towards undersmoothing.
The estimations provided by CIE differs the most from the others and does not reproduce the observed
pattern of ignition points; as expected, CIE is carried away by the covariate. However, in the summer day,
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high intensities correspond to high temperatures, while in the winter day high intensities correspond to low
temperatures; these results suggest that the first order intensity of the spatial patterns does not depend on
the selected covariate or at least does not have a so high level of dependence. Notice that most of the wildfires
registered in Galicia are related to human activity (arson, negligence...), so temperature is not the main risk
factor in this region.
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Figure 3: Intensity estimators on the 09/08/2006 (first row) and 17/02/2008 (second row) with the
corresponding point processes.
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