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Abstract
Social networks are an important part of human activity. The statistical analysis and risk assessment in complex social networks has to take into account extremes arising as nodes with large degrees or large PageRanks.
These large nodes surrounded by smaller nodes build clusters of interconnected objects. The cluster structure
of the network is caused by dependence between nodes that have appeared due to social relationships and
common interests. A study of the stochastic properties of these clusters may improve the dissemination of
information and advertisements. Clusters may be determined as conglomerates of nodes whose degrees exceed
a high threshold. To study clusters determined by the exceedances of the degree metric, we apply results of
extreme value theory. Namely, the asymptotically equivalent distributions of cluster and inter-cluster sizes
obtained in Markovich (2014) and the extremal index that determines the dependence measure of extremes
are used. Sampling techniques like a PageRank random walk and Metropolis-Hastings Markov chains are
often used to collect information about characteristics of nodes such as their inﬂuence and popularity. To
compare sampling techniques, we propose to estimate the ﬁrst hitting time, i.e. the minimal time to reach
a large node. To this end, we use the author’s recent results with regard to the hitting time of threshold
exceedances and its asymptotically equivalent geometric-like distribution and the limit mean. Secondly, we
look deeper into the PageRank random walk that can be considered as a speciﬁc branching process. Jelenković and Olvera-Cravioto (2010), and Volkovich, Litvak (2010) proved that the stationary distribution
of the PageRank process is heavy-tailed, regularly varying. We study extremal properties of the PageRank
process. Particularly, we represent the extremal index of the PageRank process obtained in Avrachenkov,
Markovich and Sreedharan (2014) by means of copulas. The exposition is provided by illustrations arising
from the statistical analysis of real data that have been obtained in social networks.
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1. Introduction
In this paper we discuss our achievements regarding extremes in social networks elaborated in our recent
work. These results can be extended to complex technical systems like Internet.
Chain-referable sampling is a powerful method to collect a public opinion within social networks. It can
be also useful to distribute advertisements eﬀectively. A sample of nodes may be collected eﬀectively by a
random walk. The sampling techniques like uniform and random walk sampling, PageRank (Avrachenkov
et al. (2010)), non-backtracking random walk with re-weighting (NBRW) (Chul-Ho Lee et al. (2012)), the
random walk Metropolis and Metropolis-Hastings algorithms (Metropolis (1953), Hastings, W.K. (1970))
are usually compared by means of the mixing time. It captures the notion of the speed of convergence of
the Markov chain with some transition probability matrix to the stationary distribution (Chul-Ho Lee et al.
(2012)) and a spectral gap δ = 1 − |λ2 |, where λ2 is the second eigenvalue of the transmission probability
matrix associated with a random walk (Avrachenkov et al. (2010)).
Here, we propose to compare sampling techniques by their extremal properties. The latter include an extremal
index and a ﬁrst hitting time. The latter shows the minimal time to ﬁnd a node which is inﬂuential in some
sense. A small extremal index corresponds to a large ﬁrst hitting time and the presence of clusters that are
large in average and vice versa. Getting into the large cluster (a galaxy) implies the risk to stay there.
Social networks may contain ”mice” and ”elephants” nodes, that have small and large numbers of links called
degrees, respectively. Hence, social networks contain clusters (clouds) of nodes centered in the ”elephant”
nodes whose degrees exceed suﬃciently high thresholds and are surrounded by ”mice” nodes.
The cluster structure of networks is caused by the dependence (social relationships) between nodes and heavytailed distributions of the node degrees. It is important to investigate the stochastic nature of such clusters

since it allows us to distribute advertisement or to collect opinions more eﬀectively within the clusters.
To model clusters one has to obtain limit distributions of their characteristics such as a maximal node degree,
a cluster size and an inter-cluster size of a node degree sequence. The node degree may be replaced by the
PageRank or another characteristic of the node.
Let {Xn }n≥1 be a stationary process with marginal distribution function F (x) and Mn = max{X1 , ..., Xn }.
We assume P {X1 = xF } = 0, where the right end-point xF = sup{x : F (x) < 1} of F (x) can be ﬁnite
or inﬁnite. The sequence {Xn } may be obtained by means of some sampling tool. The node degrees and
PageRanks give examples of {Xn }. We study the events {X1 > un }, where {un } is a sequence of suﬃciently
high thresholds.
To study clusters determined by the exceedances of the degree metric, we apply results of extreme value
theory. Namely, the asymptotically equivalent distributions of cluster and inter-cluster sizes obtained in
Markovich (2014), (2015a) and the extremal index that determines the dependence measure of extremes are
used. The distribution and the mean of the ﬁrst hitting time derived in Markovich (2015b) aim to compare
the sampling approaches.
In Avrachenkov et al. (2014) we model the process of the node sampling by Page Rank and its development
proposed in Avrachenkov et al. (2010). We obtain copulas to model bivariate distributions arising from
Markov chains corresponding to PageRank-like processes. We ﬁnd the extremal index of corresponding
sampling processes of node degrees by means of copulas according to Ferreira (2006), Ferreira & Ferreira
(2007).
The paper is organized as follows. In Section 2 we describe some necessary results of the extreme value
theory. In Section 3 some recent results regarding the ﬁrst hitting time are given. The PageRank process
and its extremal properties are discussed in Section 4. In Section 5 we provide some illustrations from real
data gathered in social networks.
2. Extreme value theory
An extremal index θ, 0 < θ ≤ 1 is the main characteristic of the clusters of exceedances over a threshold u.
Definition 1 The stationary sequence {Xn }n≥1 is said to have extremal index θ ∈ [0, 1] if for each 0 < τ < ∞
there is a sequence of real numbers un = un (τ ) such that
lim n(1 − F (un )) = τ

n→∞

and

lim P {Mn ≤ un } = e−τ θ

n→∞

(1)
(2)

hold (Leadbetter et al. (1983), p.53).
The reciprocal 1/θ approximates the mean cluster size for a suﬃciently large sample size. At the same time,
θ allows us to evaluate a limit distribution of the maximum of the node degree and the ﬁrst hitting time. This
is helpful to ﬁnd quantiles of the maxima, namely, to show what is the probability to ﬁnd a big ”elephant”
in the sample. More exactly, if the extremal index of the underlying node-degree process is known then by
P {Mn ≤ x} = F nθ (x) + o(1),

n → ∞,

(3)

where F (x) = P {D1 ≤ x} is the continuous distribution function of node degrees, one can approximate the
(1 − η)th quantile xη of the maximal degree Mn based on the equation
F nθ (xη ) = P nθ {D1 ≤ xη } = 1 − η,
i.e. it holds

(
)
1/(nθ)
.
xη ≈ F ← (1 − η)

(4)

The following dependence conditions relate to the extremal index.
Definition 2 D(un ) is satisﬁed if for any A ∈ I1,l (un ) and B ∈ Il+s,n (un ), where Ij,l (un ) is the set of all
intersections of the events of
∩ the form {Ri ≤ un } for j ≤ i ≤ l, and for some positive integer sequence {sn }
such that sn = o(n), |P {(A B)} − P {A}P {B}| ≤ α(n, s) holds and α(n, sn ) → 0 as n → ∞.

Definition 3 The D′′ (un )-condition (Chernick et al. (1991), Leadbetter & Nandagopalan (1989)) states that
if the stationary sequence {Rt } satisﬁes the D(un )-condition with un = an x + bn and normalizing sequences
an > 0 and bn ∈ R such that for all x there exists µ ∈ R, σ > 0 and ξ ∈ R, such that
−1/ξ

n (1 − F (an x + bn )) → (1 + ξ(x − µ)/σ)+

,

n → ∞,

as

holds, where (x)+ = max(x, 0), then it follows
lim n

n→∞

rn
∑

P {R1 > un ≥ R2 , Rj > un } =

0,

j=3

where rn = o(n), sn = o(n), α(n, sn ) → 0, (n/rn )α(n, sn ) → 0 and sn /rn → 0 as n → ∞.
For the D′ (un )-condition the latter equation should be substituted by
lim n

n→∞

rn
∑

P {R1 > un , Rj > un } = 0.

j=2

We also consider two characteristics of clusters of exceedances, namely, the inter-cluster size deﬁned as
T1 (u) =

min{j ≥ 1 : M1,j ≤ u, Rj+1 > u|R1 > u}

(5)

and the cluster size deﬁned as
T2 (u) = min{j ≥ 1 : L1,j > u, Rj+1 ≤ u|R1 ≤ u},
where M1,j = max{R2 , ..., Rj }, M1,1 = −∞, L1,j = min{R2 , ..., Rj }, L1,1 = +∞.
The following geometric-like asymptotically equivalent distributions of T1 (u) and T2 (u) derived in Markovich
(2014) require a mixing condition that is based on the mixing coeﬃcient αn,q (u) used in Ferro & Segers
(2003).
Definition 4 For real u and integers 1 ≤ k ≤ l, let Fk,l (u) be the σ-ﬁeld generated by the events {Ri > u},
k ≤ i ≤ l. We deﬁne the mixing coeﬃcients αn,q (u),
αn,q (u) =

max

1≤k≤n−q

sup |P (B|A) − P (B)|,

(6)

where the supremum is taken over all A ∈ F1,k (u) with P (A) > 0 and B ∈ Fk+q,n (u) and k, q are positive
integers.
The mixing condition used in Markovich (2014) has been simpliﬁed in Markovich (2015a).
Theorem 1 (Markovich (2015a)) Let {Rn }n≥1 be a stationary process with the extremal index θ. Let {xρn }
and {xρ∗n } be sequences of quantiles of R1 of the levels {1 − ρn } and {1 − ρ∗n }, respectively,1 those satisfy the
conditions (1) and (2) if un is replaced by xρn or by xρ∗n and, qn = 1 − ρn , qn∗ = 1 − ρ∗n , ρ∗n = (1 − qnθ )1/θ .
∗
∗
Let {p∗n,1 } and {qn,1
} be sequences of positive integers such that p∗n,1 = o(j), qn,1
= o(p∗n,1 ) for j ≥ j0 (n),
j0 (n) → ∞ as n → ∞ and
∗
αj+1,qn,1

= o(ρn )

(7)

holds as n → ∞, where αn,q = αn,q (xρn ) is determined by (6). Then it follows for j ≥ j0 (n)
lim P {T1 (xρn ) = j}/(ρn (1 − ρn )(j−1)θ ) =

1,

(8)

lim P {T2 (xρ∗n ) = j}/(qn∗ (1 − qn∗ )

1.

(9)

n→∞
n→∞
1

F (xρn ) = P {R1 > xρn } = ρn .

(j−1)θ

) =

3. First hitting time
Let T ∗ (un ) denote a ﬁrst hitting time to exceed the threshold un . By deﬁnition it holds
P {T ∗ (un ) = j + 1} =

P {Mj ≤ un , Xj+1 > un },

(10)

j = 0, 1, 2, ..., M0 = −∞.
In Markovich (2015b) the following results concerning the ﬁrst hitting time are derived.
Theorem 2 Let all conditions of Theorem 1 be satisﬁed. We assume
sup ρn E(T1 (xρn )) < ∞.

(11)

n

Then we get
lim nP {T ∗ (un ) = n}

n→∞

P {T ∗ (xρn ) = j}

∼

= e−θτ /θ,

(12)

ρn
(1 − θρn )j−1 .
θ

(13)

for j ≥ j0 (n), j0 (n) → ∞ as n → ∞.
Lemma 1 Let the conditions of Theorem 2 be satisﬁed. Then it follows
lim ρn ET ∗ (xρn ) = 1/θ3 .

(14)

n→∞

Lemma 1 speciﬁes the rough representation
lim E(T ∗ (un )/n) = 1/θ.

(15)

n→∞

given in Roberts et al. (2006).
4. PageRank
Ranking pages on the World Wide Web became very important taking into consideration that the Web is
an interconnected graph with billions of nodes (pages). The Google’s PageRank algorithm proposed by Brin
and Page (1998) remains to be the most popular method to evaluate the importance of the page relative to
other pages. Originally, the Google’s PageRank deﬁnes the rank of the page pi as
R(pi ) =

1−c
+c
n

∑
pj ∈M (pi )

R(pj )
,
Dj

where M (pi ) is the set of pages that link to pi (in-degree), Dj is the number of outgoing links of page pj
(out-degree), c is a damping factor, usually c = 0.85, an n is the total number of pages. Taking into account
a set of absorbing nodes, called dangling nodes D, the PageRank can be generalized as
R(pi ) = c

∑
pj ∈M (pi )

c ∑
R(pj )
+
R(pj ) + (1 − c)T (i),
Dj
n

i = 1, ..., n,

j∈D

or as the corresponding scale-free PageRank
Ri = c

∑
pj ∈M (pi )

c ∑
1
Rj +
Rj + (1 − c)nT (i),
Dj
n

i = 1, ..., n,

(16)

j∈D

denoting Rj = nR(pj ), Volkovich and Litvak (2010). Here, T (i) is the teleportation jump, i.e. the probability
that the walk starts afresh from page i. We shall focus on the simplest case when T (i) = 1/n holds for every
i = 1, ..., n. There can be other representations of T (i), Avrachenkov et al. (2010), Volkovich and Litvak

(2010).
Following Volkovich and Litvak (2010), Jelenković and Olvera-Cravioto (2010) to model the tail of the
PageRank distribution, the stochastic equation
R =D

N
∑

Aj Rj + B

j=1

is analyzed and the power law behavior of PageRank
P {R > x} ∼

Hx−α

(17)

is derived, where H is a positive constant and α is a tail index. The latter class of distributions is also called
the regularly varying distributions and it is denoted by RV−α . Here =D stands for equality in distribution.
It is derived that the tail distribution of R is insensitive to the distribution of the out-degree Dj and, hence,
to Aj = c/Dj . It is dominated by the in-degree N distribution if its tail is heavier than the tail of B or vice
versa.
In Jelenković and Olvera-Cravioto (2010), N , {Aj }j≥1 , {Rj }j≥1 , B are mutually independent nonnegative
random variables, and Rj ’s are distributed as R. In Volkovich and Litvak (2010) all random variables are
assumed to be positive, N and B may be dependent and the moment restriction E(A) = (1−E(B))/E(N ) < 1
holds. Assuming that N and B are regularly varying distributed and using the theory of regular variation,
both cases where N or B dominates are considered and corresponding constants H in (1) are obtained.
In Jelenković and Olvera-Cravioto (2010) the rank process is investigated as a weighted branching process
Rn+1 =

Nn
∑

An,j Rn,j + Bn

(18)

j=1

for n ≥ 0, where Nn , Bn , An,j are mutually independent iid r.v.s. The ranks {Rn,j }j≥1 belong to the nth
generation of nodes of the branching process. The {Rn,j } within each generation are assumed to be iid copies
of Rn . Then a power law of R is derived from the prospective of the renewal theorem of Goldie (1991).
An analytical form of the extremal index of the PageRank random walk remains an open problem. However,
the extremal index may be calculated by means of copulas
θ = C ′ (1, 1) − 1,

(19)

where C(u, u) denotes a bivariate copula, Ferreira (2006), Ferreira & Ferreira (2007). (19) is valid if the
Markov property for the PageRank process is fulﬁlled. In Avrachenkov et al. (2014) the Markov property
was substituted by the D′′ (un )-mixing condition that seems to be a weaker condition.
Proposition 1 (Avrachenkov et al. (2014)) If the sampled sequence is stationary and satisﬁes conditions
D(un ) and D′′ (un ), then the extremal index is given by (19).
Since the PageRank is based on a Markov chain of the node selection and it is a measurable function of
stationary Markov samples, then according to O’Brien (1987) a mixing condition AIM (un ) that is stronger
than the D(un ) is satisﬁed. Hence, the extremal index of the PageRank can be calculated by formula
lim P {M1,pn ≤ un |R1 > un } = θ,

n→∞

where {pn } is an increasing sequence of positive integers, pn = o(n) as n → ∞.
Considering the PageRank as a branching process the Markov property implies the independence of ’grand
parents-grand children’ generations. The clusters of nodes may be homogeneous with respect to the D′′ (un )
condition, i.e. all nodes in cloud clusters may contain only large PageRanks. In case that the D′′ (un )
condition fails, the clusters may contain also nodes with small PageRanks.
The validity of the D′′ (un )-mixing condition regarding the PageRank process and its modiﬁcations is an open
problem.

b ·) which corresponds to the
Example 1 Markovich (2015c) Let us consider a so called survival copula C(·,
equation
b (x), F (x)),
P {D1 > x, D2 > x} = C(F
where F (x) = 1 − F (x) is the tail function. In case of the bivariate Pareto distribution
F̄ (d1 , d2 ) =

(
)−α
d1
d2
1+
+
σ
σ

(20)

with σ = 1 and a marginal Pareto tail distribution F (x) = (1 + x)−α , α > 0, and taking F (x) = u, we have
b u) = (2u−1/α − 1)−α , u ∈ (0, 1), Nelsen (2006), p.29. Since C(1 − u, 1 − u) = C(u,
b u) − 2u + 1 holds,
C(u,
we ﬁnally obtain
C(v, v) = (2(1 − v)−1/α − 1)−α + 2v − 1,
denoting v = 1 − u. Thus, we get
(
)
Cv′ (v, v) = 2 1 − (2 − (1 − v)1/α )−α−1 .
Then from (19) we get θ = Cv′ (1, 1) − 1 = 1 − 2−α , where α is the shape parameter of the Pareto distribution.
For α = 1 we get θ = 1/2.
−1/α
From (4) and since F ← (u) = (1 − u)
− 1 holds, we get the (1 − η)th quantile of the maxima Mn
(
)−1/α
xη ≈ 1 − (1 − η)1/(nθ)
− 1.
(
)−1
Particularly, for α = 1 it follows xη ≈ 1 − (1 − η)2/n
− 1.
5. Analysis of real data of social networks
In Markovich (2015d) the statistical analysis of extremes in real data gathered in social networks is provided.
The Enron email2 and the DBLP3 networks taken from Leskovec and Krevl (2014) and corresponding to
undirected graphs are investigated.
It was shown that the Enron email node degrees can be ﬁtted by the power law model (17) with α = 1.337
whereas the DBLP data cannot. The latter conclusion is supported by a study of the mean excess function
e(u) = E(X − u|X > u) that shows Pareto-like behavior for the Enron data and a mixture of exponential
and Pareto distributions for the DBLP data. Since the tail index regarding the DBLP data is smaller, i.e.
α = 1.028, this means that the tail distribution is heavier than the one arising from the Enron data. It is
shown that the polynomial convergence rate of the Metropolis random walk to the stationary distribution is
slower for the DBLP due to the heavier tail.
The estimation of the extremal index by intervals estimator (see Ferro & Segers (2003)) gives θ = 0.22 and
θ = 0.15 for the Enron and the DBLP data, respectively. This implies a smaller mean cluster size for the
Enron and a larger one for the DBLP. Moreover, the ﬁrst hitting time is smaller for the Enron data. This
implies a shorter time to get into a large node by means of a random walk.
6. Conclusions
The theoretical results obtained by author regarding the asymptotically equivalent distributions of cluster and
inter-cluster sizes and the ﬁrst hitting time are discussed. The application of the results to social networks
is considered. The extremal index of the PageRank process is discussed. We have compared sampling
techniques in social networks using new measures such as the extremal index, the distribution of the ﬁrst
hitting time and its mean. Considering the real data of social networks we conclude that a heavier tail of
the node degree distribution leads to (1) larger node clusters around the giant nodes, (2) slower convergence
rate of the Metropolis random walk, and (3) a longer ﬁrst hitting time to reach a large node.
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